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Chapter 1

Expected Utility and Risk

Aversion

Asset prices are determined by investors’ risk preferences and by the distrib-
utions of assets’ risky future payments. Economists refer to these two bases
of prices as investor "tastes" and the economy’s "technologies" for generating
asset returns. A satisfactory theory of asset valuation must consider how in-
dividuals allocate their wealth among assets having different future payments.
This chapter explores the development of expected utility theory, the standard
approach for modeling investor choices over risky assets. We first analyze the
conditions that an individual’s preferences must satisfy to be consistent with an
expected utility function. We then consider the link between utility and risk
aversion and how risk aversion leads to risk premia for particular assets. Our
final topic examines how risk aversion affects an individual’s choice between a
risky and a risk-free asset.

Modeling investor choices with expected utility functions is widely used.

However, significant empirical and experimental evidence has indicated that
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individuals sometimes behave in ways inconsistent with standard forms of ex-
pected utility. These findings have motivated a search for improved models
of investor preferences. Theoretical innovations both within and outside the
expected utility paradigm are being developed, and examples of such advances

are presented in later chapters of this book.

1.1 Preferences when Returns Are Uncertain

Economists typically analyze the price of a good or service by modeling the
nature of its supply and demand. A similar approach can be taken to price an
asset. As a starting point, let us consider the modeling of an investor’s demand
for an asset. In contrast to a good or service, an asset does not provide a current
consumption benefit to an individual. Rather, an asset is a vehicle for saving. It
is a component of an investor’s financial wealth representing a claim on future
consumption or purchasing power. The main distinction between assets is
the difference in their future payoffs. With the exception of assets that pay a
risk-free return, assets’ payoffs are random. Thus, a theory of the demand for
assets needs to specify investors’ preferences over different, uncertain payoffs.
In other words, we need to model how investors choose between assets that
have different probability distributions of returns. In this chapter we assume
an environment where an individual chooses among assets that have random
payoffs at a single future date. Later chapters will generalize the situation
to consider an individual’s choices over multiple periods among assets paying
returns at multiple future dates.

Let us begin by considering potentially relevant criteria that individuals
might use to rank their preferences for different risky assets. One possible
measure of the attractiveness of an asset is the average, or expected value, of

its payoff.  Suppose an asset offers a single random payoff at a particular
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future date, and this payoff has a discrete distribution with n possible outcomes
(z1,...,2n) and corresponding probabilities (p1,...,pn), where Zn:pZ- = 1 and
p; > 0.1 Then the expected value of the payoff (or, more simpl}z],:}che expected
payofl) is & = E [z] = znjlple

i=

Is it logical to think that individuals value risky assets based solely on the
assets’ expected payoffs? This valuation concept was the prevailing wisdom
until 1713, when Nicholas Bernoulli pointed out a major weakness. He showed
that an asset’s expected payoff was unlikely to be the only criterion that in-
dividuals use for valuation. He did it by posing the following problem which

became known as the St. Petersberg paradox:

Peter tosses a coin and continues to do so until it should land "heads"
when it comes to the ground. He agrees to give Paul one ducat if
he gets heads on the very first throw, two ducats if he gets it on
the second, four if on the third, eight if on the fourth, and so on, so
that on each additional throw the number of ducats he must pay is
doubled.? Suppose we seek to determine Paul’s expectation (of the

payoff that he will receive).

Interpreting Paul’s prize from this coin flipping game as the payoff of a risky
asset, how much would he be willing to pay for this asset if he valued it based
on its expected value? If the number of coin flips taken to first arrive at a heads

is 4, then p; = (%)Z and x; = 27! so that the expected payoff equals

1As is the case in the following example, n, the number of possible outcomes, may be
infinite.
2A ducat was a 3.5-gram gold coin used throughout Europe.
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T o= > pimi=3l+ 3244+ 58+ (1.1)
i=1
= ;(1+32+34+58+...

= s(1+141+1+..=00

The "paradox" is that the expected value of this asset is infinite, but in-
tuitively, most individuals would pay only a moderate, not infinite, amount to
play this game. In a paper published in 1738, Daniel Bernoulli, a cousin of
Nicholas’s, provided an explanation for the St. Petersberg paradox by introduc-
ing the concept of expected utility.® His insight was that an individual’s utility
or "felicity" from receiving a payoff could differ from the size of the payoff and
that people cared about the expected utility of an asset’s payoffs, not the ex-
pected value of its payoffs. Instead of valuing an asset as T = Y., pia;, its

value, V', would be

V=E[U@) =X/ nU (1.2)

where U; is the utility associated with payoff x;. Moreover, he hypothesized
that the "utility resulting from any small increase in wealth will be inversely
proportionate to the quantity of goods previously possessed." In other words,
the greater an individual’s wealth, the smaller is the added (or marginal) utility
received from an additional increase in wealth. In the St. Petersberg paradox,
prizes, x;, go up at the same rate that the probabilities decline. To obtain

a finite valuation, the trick is to allow the utility of prizes, U;, to increase

3 An English translation of Daniel Bernoulli’s original Latin paper is printed in Econo-
metrica (Bernoulli 1954). Another Swiss mathematician, Gabriel Cramer, offered a similar
solution in 1728.
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more slowly than the rate that probabilities decline. Hence, Daniel Bernoulli
introduced the principle of a diminishing marginal utility of wealth (as expressed
in his preceding quote) to resolve this paradox.

The first complete axiomatic development of expected utility is due to John
von Neumann and Oskar Morgenstern (von Neumann and Morgenstern 1944).
Von Neumann, a renowned physicist and mathematician, initiated the field of
game theory, which analyzes strategic decision making. Morgenstern, an econo-
mist, recognized the field’s economic applications and, together, they provided
a rigorous basis for individual decision making under uncertainty. We now out-
line one aspect of their work, namely, to provide conditions that an individual’s
preferences must satisfy for these preferences to be consistent with an expected
utility function.

Define a lottery as an asset that has a risky payoff and consider an individ-
ual’s optimal choice of a lottery (risky asset) from a given set of different lotter-
ies. All lotteries have possible payoffs that are contained in the set {z1,...,z,}.
In general, the elements of this set can be viewed as different, uncertain out-
comes. For example, they could be interpreted as particular consumption levels
(bundles of consumption goods) that the individual obtains in different states of
nature or, more simply, different monetary payments received in different states
of the world. A given lottery can be characterized as an ordered set of probabil-
ities P = {p1, ..., pn}, where of course, ipi =1 and p; > 0. A different lottery

i=1
is characterized by another set of probabilities, for example, P* = {p7,...,p:}.

Let >, <, and ~ denote preference and indifference between lotteries.*

We will show that if an individual’s preferences satisfy the following five

conditions (axioms), then these preferences can be represented by a real-valued

4Specifically, if an individual prefers lottery P to lottery P*, this can be denoted as P > P*
or P* < P. When the individual is indifferent between the two lotteries, this is written as
P ~ P*. If an individual prefers lottery P to lottery P*or she is indifferent between lotteries
P and P*, this is written as P > P* or P* <X P.
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utility function defined over a given lottery’s probabilities, that is, an expected
utility function V (p1, ..., pn)-

Axioms:

1) Completeness

For any two lotteries P* and P, either P* > P, or P* < P, or P* ~ P.

2) Transitivity

If P** »= P*and P* »= P, then P** = P.

3) Continuity

If P** = P* = P, there exists some A € [0, 1] such that P* ~ AP**4(1—\)P,
where AP** 4+ (1 — \) P denotes a “compound lottery”; namely, with probability
A one receives the lottery P** and with probability (1 — \) one receives the
lottery P.

These three axioms are analogous to those used to establish the existence
of a real-valued utility function in standard consumer choice theory.” The
fourth axiom is unique to expected utility theory and, as we later discuss, has
important implications for the theory’s predictions.

4) Independence

For any two lotteries P and P*, P* > P if and only if for all A € (0,1] and
all P**:

AP* 4 (1= \)P™ = AP + (1 — \)P**

Moreover, for any two lotteries P and Pf, P ~ P! if and only if for all A

5 A primary area of microeconomics analyzes a consumer’s optimal choice of multiple goods
(and services) based on their prices and the consumer’s budget contraint. In that context,
utility is a function of the quantities of multiple goods consumed. References on this topic
include (Kreps 1990), (Mas-Colell, Whinston, and Green 1995), and (Varian 1992). In con-
trast, the analysis of this chapter expresses utility as a function of the individual’s wealth. In
future chapters, we introduce multiperiod utility functions where utility becomes a function of
the individual’s overall consumption at multiple future dates. Financial economics typically
bypasses the individual’s problem of choosing among different consumption goods and focuses
on how the individual chooses a total quantity of consumption at different points in time and
different states of nature.
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€(0,1] and all P**:

AP 4 (1 = NP ~ APT + (1 — NP

To better understand the meaning of the independence axiom, suppose that
P* is preferred to P. Now the choice between AP* 4 (1 — A)P** and AP + (1 —
A)P** is equivalent to a toss of a coin that has a probability (1 — A) of landing
“tails,” in which case both compound lotteries are equivalent to P**, and a
probability A of landing “heads,” in which case the first compound lottery is
equivalent to the single lottery P* and the second compound lottery is equivalent
to the single lottery P. Thus, the choice between AP* + (1 — A\)P** and AP +
(1—=X)P** is equivalent to being asked, prior to the coin toss, if one would prefer
P* to P in the event the coin lands heads.

It would seem reasonable that should the coin land heads, we would go ahead
with our original preference in choosing P* over P. The independence axiom
assumes that preferences over the two lotteries are independent of the way in
which we obtain them.® For this reason, the independence axiom is also known
as the “no regret” axiom. However, experimental evidence finds some system-
atic violations of this independence axiom, making it a questionable assumption
for a theory of investor preferences. For example, the Allais paradox is a well-
known choice of lotteries that, when offered to individuals, leads most to violate

T Machina (Machina 1987) summarizes violations of

the independence axiom.
the independence axiom and reviews alternative approaches to modeling risk

preferences. In spite of these deficiencies, the von Neumann-Morgenstern ex-

6In the context of standard consumer choice theory, A would be interpreted as the amount
(rather than probability) of a particular good or bundle of goods consumed (say C) and
(1 — ) as the amount of another good or bundle of goods consumed (say C**). In this case,
it would not be reasonable to assume that the choice of these different bundles is independent.
This is due to some goods being substitutes or complements with other goods. Hence, the
validity of the independence axiom is linked to outcomes being uncertain (risky), that is, the
interpretation of A as a probability rather than a deterministic amount.

7A similar example is given in Exercise 2 at the end of this chapter.
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pected utility theory continues to be a useful and common approach to modeling
investor preferences, though research exploring alternative paradigms is grow-
ing.®

The final axiom is similar to the independence and completeness axioms.
5) Dominance

Let P! be the compound lottery A\; P*+(1—\;)P" and P? be the compound
lottery Ao P* + (1 — X\o) PT. If P* = P, then P! = P? if and only if A; > M.

Given preferences characterized by the preceding axioms, we now show that
the choice between any two (or more) arbitrary lotteries is that which has the
higher (highest) expected utility.

The completeness axiom’s ordering on lotteries naturally induces an order-
ing on the set of outcomes. To see this, define an "elementary" or "primitive"
lottery, e;, which returns outcome z; with probability 1 and all other outcomes
with probability zero, that is, e; = {p1, ...,Di—1,PisDit1,---sPn} = {0,...,0,1,0, ..0}}}
where p; = 1 and p; = 0 Vj # 4. Without loss of generality, suppose that the
outcomes are ordered such that e, = e,_1 = ... = e;. This follows from the
completeness axiom for this case of n elementary lotteries. Note that this or-
dering of the elementary lotteries may not necessarily coincide with a ranking
of the elements of z strictly by the size of their monetary payoffs, since the state
of nature for which z; is the outcome may differ from the state of nature for
which z; is the outcome, and these states of nature may have different effects
on how an individual values the same monetary outcome. For example, x; may
be received in a state of nature when the economy is depressed, and monetary
payoffs may be highly valued in this state of nature. In contrast, x; may be

received in a state of nature characterized by high economic expansion, and

monetary payments may not be as highly valued. Therefore, it may be that

8 This research includes "behavioral finance," a field that encompasses alternatives to both

expected utility theory and market efficiency. An example of how a behavioral finance utility
specification can impact asset prices will be presented in Chapter 15.
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e; > ¢; even if the monetary payment corresponding to x; was less than that
corresponding to x;.
From the continuity axiom, we know that for each e;, there exists a U; € [0, 1]

such that

e; ~ Ue, + (1 — Ui)€1 (13)

and for ¢ = 1, this implies U; = 0 and for ¢ = n, this implies U,, = 1. The values
of the U; weight the most and least preferred outcomes such that the individual
is just indifferent between a combination of these polar payoffs and the payoff of
;. The U; can adjust for both differences in monetary payoffs and differences
in the states of nature during which the outcomes are received.

Now consider a given arbitrary lottery, P = {pi,...,pn}. This can be con-
sidered a compound lottery over the n elementary lotteries, where elementary
lottery e; is obtained with probability p;. By the independence axiom, and using
equation (1.3), the individual is indifferent between the compound lottery, P,

and the following lottery, given on the right-hand side of the equation:

pré1 + ... +Dnen ~ pre1+ ...+ pi—1ei—1 +pi [Uien + (1 — U;)ed]

+pit1€i+1 + ... + Pnén (1.4)

where we have used the indifference relation in equation (1.3) to substitute
for e; on the right-hand side of (1.4). By repeating this substitution for all ,
i =1,...,n, we see that the individual will be indifferent between P, given by

the left-hand side of (1.4), and

pie1r + ... +ppeén ~ <ZP¢U1‘> en + (1 - ZpiUi> €1 (1.5)
i=1 i=1
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Now define A = zn: p;U;. Thus, we see that lottery P is equivalent to a
compound lottery corz;ilsting of a A probability of obtaining elementary lottery
en and a (1 — A) probability of obtaining elementary lottery e;. In a similar
manner, we can show that any other arbitrary lottery P* = {p7, ..., p} is equiv-
alent to a compound lottery consisting of a A* probability of obtaining e,, and
a (1 — A*) probability of obtaining e;, where A* = Zn: piU;.
i=1

Thus, we know from the dominance axiom that P* > P if and only if A* > A,

which implies Zn: p;U; > Xn: piU;. So defining an expected utility function as

i=1 =1

n
V(p1,npn) = Y _pili (1.6)
=1

will imply that P* = P if and only if V (p},...,p%5) > V(p1, ..., Pn)-

The function given in equation (1.6) is known as von Neumann-Morgenstern
expected utility. Note that it is linear in the probabilities and is unique up to
a linear monotonic transformation.” This implies that the utility function has
“cardinal” properties, meaning that it does not preserve preference orderings

10" For example, if U; = U(x;), an

for all strictly increasing transformations.
individual’s choice over lotteries will be the same under the transformation
aU(x;) + b, but not a nonlinear transformation that changes the “shape” of
Ul(x;).

The von Neumann-Morgenstern expected utility framework may only par-
tially explain the phenomenon illustrated by the St. Petersberg paradox. Sup-

pose an individual’s utility is given by the square root of a monetary payoff; that

is, U; = U(z;) = \/Z;. This is a monotonically increasing, concave function of

9The intuition for why expected utility is unique up to a linear transformation can be
traced to equation (1.3). Here the derivation compares elementary lottery ¢ in terms of the
least and most preferred elementary lotteries. However, other bases for ranking a given lottery
are possible.

10An "ordinal" utility function preserves preference orderings for any strictly increasing
transformation, not just linear ones. The utility functions defined over multiple goods and
used in standard consumer theory are ordinal measures.
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x, which here is assumed to be simply a monetary amount (in units of ducats).

Then the individual’s expected utility of the St. Petersberg payoff is

Vo= anpiUi = i;w—l = 22—5 (1.7)

= 273 4278 4 .
/1! 1 1

— ) -1 == ~ 1.707
(5 Etr

which is finite. This individual would get the same expected utility from re-

ceiving a certain payment of 1.7072 = 2.914 ducats since V = 1/2.914 also
gives expected (and actual) utility of 1.707. Hence, we can conclude that the
St. Petersberg gamble would be worth 2.914 ducats to this square-root utility
maximizer.

However, the reason that this is not a complete resolution of the paradox
is that one can always construct a “super St. Petersberg paradox” where even
expected utility is infinite. Note that in the regular St. Petersberg paradox, the
probability of winning declines at rate 2¢, while the winning payoff increases at
rate 2°. In a super St. Petersberg paradox, we can make the winning payoff
increase at a rate x; = U~1(27!) and expected utility would no longer be
finite. If we take the example of square-root utility, let the winning payoff be
x; = 2272 that is, 1 = 1, z9 = 4, 3 = 16, and so on. In this case, the
expected utility of the super St. Petersberg payoff by a square-root expected

utility maximizer is

V= zn:pJJz = i% 2%i-2 = ¢ (18)
=1 i=1

Should we be concerned that if we let the prizes grow quickly enough, we can

get infinite expected utility (and valuations) for any chosen form of expected



14 CHAPTER 1. EXPECTED UTILITY AND RISK AVERSION

utility function? Maybe not. One could argue that St. Petersberg games are
unrealistic, particularly ones where the payoffs are assumed to grow rapidly.
The reason is that any person offering this asset has finite wealth (even Bill
Gates). This would set an upper bound on the amount of prizes that could
feasibly be paid, making expected utility, and even the expected value of the
payoff, finite.

The von Neumann-Morgenstern expected utility approach can be general-
ized to the case of a continuum of outcomes and lotteries having continuous
probability distributions. For example, if outcomes are a possibly infinite num-
ber of purely monetary payoffs or consumption levels denoted by the variable

x, a subset of the real numbers, then a generalized version of equation (1.6) is

V(F)=E[U @) = /U(m) dF (z) (1.9)

where F' (z) is a given lottery’s cumulative distribution function over the payoffs,
x.'1 Hence, the generalized lottery represented by the distribution function F
is analogous to our previous lottery represented by the discrete probabilities
P={pi,....pn}

Thus far, our discussion of expected utility theory has said little regarding
an appropriate specification for the utility function, U (). We now turn to a

discussion of how the form of this function affects individuals’ risk preferences.

1.2 Risk Aversion and Risk Premia

As mentioned in the previous section, Daniel Bernoulli proposed that utility
functions should display diminishing marginal utility; that is, U (x) should be

an increasing but concave function of wealth. He recognized that this concavity

I When the random payoff, Z, is absolutely continuous, then expected utility can be written
in terms of the probability density function, f (z), as V (f) = [U (z) f (z) dz.
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implies that an individual will be risk averse. By risk averse we mean that
the individual would not accept a “fair” lottery (asset), where a fair or “pure
risk” lottery is defined as one that has an expected value of zero. To see the
relationship between fair lotteries and concave utility, consider the following

example. Let there be a lottery that has a random payoff, €, where

_ e1with probability p
z={ (1.10)
€9 with probability 1 —p

The requirement that it be a fair lottery restricts its expected value to equal

zZero:

Efe] =pe1 + (1 —plea =0 (1.11)

which implies €1 /g2 = — (1 —p) /p, or solving for p, p = —e3/ (g1 —e2). Of
course, since 0 < p < 1, €1 and &5 are of opposite signs.

Now suppose a von Neumann-Morgenstern expected utility maximizer whose
current wealth equals W is offered the preceding lottery. Would this individual
accept it; that is, would she place a positive value on this lottery?

If the lottery is accepted, expected utility is given by E [U (W +€)]. Instead,
if it is not accepted, expected utility is given by E [U (W)] = U (W). Thus, an

individual’s refusal to accept a fair lottery implies

U(W) > E[U(W +2)] = pU (W +e1) + (1 — p)U (W + ) (1.12)

To show that this is equivalent to having a concave utility function, note that

U (W) can be rewritten as
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UW)=UW +pei1 + (1 —p)ea) (1.13)

since pe1 + (1 — p)ea = 0 by the assumption that the lottery is fair. Rewriting

inequality (1.12), we have

UW +per+ (1 —plez) >pU (W +e1)+ (1 —p)U (W +¢e2) (1.14)

which is the definition of U being a concave function. A function is concave
if a line joining any two points of the function lies entirely below the function.
When U(W) is concave, a line connecting the points U(W + &3) to U(W + 1)
lies below U(W) for all W such that W+4¢e2 < W < W+¢;. As shown in Figure
1.1, pUW +€1) + (1 — p)U(W + £2) is exactly the point on this line directly
below U(W). This is clear by substituting p = —e2/(e1 — €2). Note that when
U(W) is a continuous, second differentiable function, concavity implies that its

second derivative, U” (W), is less than zero.

To show the reverse, that concavity of utility implies the unwillingness to
accept a fair lottery, we can use a result from statistics known as Jensen’s
inequality. If U(-) is some concave function and Z is a random variable, then

Jensen’s inequality says that

E[U(®)] < U(E[) (1.15)

Therefore, substituting & = W + € with E[g] = 0, we have

E[UW +3)] <U(E[W +2) = UW) (1.16)

which is the desired result.
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Utility Concave Utility Function

UWe) = === === === = = = — —
UW) bom e e e e e .

e =[5, U+ e+
e, UW+ey))/(g)-2,)

UW+e,) |— — :
Cag . =p UW+e) +
: (I-p) U(W+ey)

e, W W+e, Wealth

Figure 1.1: Fair Lotteries Lower Utility

We have defined risk aversion in terms of the individual’s utility function.!?

Let us now consider how this aversion to risk can be quantified. This is done
by defining a risk premium, the amount that an individual is willing to pay to
avoid a risk.

Let 7 denote the individual’s risk premium for a particular lottery, €. It
can be likened to the maximum insurance payment an individual would pay to
avoid a particular risk. John W. Pratt (Pratt 1964) defined the risk premium

for lottery (asset) € as

UW —7) = E[UW +7)] (1.17)

W — 7 is defined as the certainty equivalent level of wealth associated with the

12Based on the same analysis, it is straightforward to show that if an individual strictly
prefers a fair lottery, his utility function must be convex in wealth. Such an individual is said
to be risk-loving. Similarly, an individual who is indifferent between accepting or refusing a
fair lottery is said to be risk-neutral and must have utility that is a linear function of wealth.
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lottery, €. Since utility is an increasing, concave function of wealth, Jensen’s
inequality ensures that m must be positive when ¢ is fair; that is, the individual
would accept a level of wealth lower than her expected level of wealth following
the lottery, E [W + €], if the lottery could be avoided.

To analyze this Pratt (1964) risk premium, we continue to assume the indi-
vidual is an expected utility maximizer and that ¢ is a fair lottery; that is, its
expected value equals zero. Further, let us consider the case of € being “small”
so that we can study its effects by taking a Taylor series approximation of equa-
tion (1.17) around the point € = 0 and 7 = 0.!* Expanding the left-hand side

of (1.17) around 7 = 0 gives

UW —m)2xUW) - U (W) (1.18)

and expanding the right-hand side of (1.17) around the zero mean of £ (and
taking a three term expansion since F [¢] = 0 implies that a third term is

necessary for a limiting approximation) gives
E[UW +3)]=E [U(W) FEU'(W) + 122U (W) (1.19)

=U(W)+ 30°U" (W)

where 02 = E [52} is the lottery’s variance. Equating the results in (1.18) and

(1.19), we have

1
2 UM(Y)

L T 102 R(W) (1.20)

™= —

where R(W) = —U"(W)/U' (W) is the Pratt (1964)-Arrow (1971) measure of

13By describing the random variable Z as “small,” we mean that its probability density is
concentrated around its mean of 0.
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absolute risk aversion. Note that the risk premium, 7, depends on the uncer-
tainty of the risky asset, 02, and on the individual’s coefficient of absolute risk
aversion. Since o2 and U’ (W) are both greater than zero, concavity of the utility

function ensures that 7 must be positive.

From equation (1.20) we see that the concavity of the utility function,
U"(W), is insufficient to quantify the risk premium an individual is willing to
pay, even though it is necessary and sufficient to indicate whether the individual
is risk averse. In order to determine the risk premium, we also need the first
derivative, U’(W), which tells us the marginal utility of wealth. An individual
may be very risk averse (—U" (W) is large), but he may be unwilling to pay
a large risk premium if he is poor since his marginal utility is high (U'(W) is

large).

To illustrate this point, consider the following negative exponential utility

function:

UW)=—-e""b>0 (1.21)

Note that U’ (W) = be™®™ > 0 and U"(W) = —b%"" < 0. Consider the
behavior of a very wealthy individual, that is, one whose wealth approaches

infinity:

lim U'(W) = lim U"(W) =0 (1.22)

W —o0 W —o0

As W — oo, the utility function is a flat line. Concavity disappears, which
might imply that this very rich individual would be willing to pay very little for
insurance against a random event, €, certainly less than a poor person with the
same utility function. However, this is not true, because the marginal utility

of wealth is also very small. This neutralizes the effect of smaller concavity.
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Indeed,

er—bW

R(W) =b (1.23)

T pe—btW

which is a constant. Thus, we can see why this utility function is sometimes

referred to as a constant absolute-risk-aversion utility function.
If we want to assume that absolute risk aversion is declining in wealth, a
necessary, though not sufficient, condition for this is that the utility function

have a positive third derivative, since

ORW) __U"(W)U'(W) — [U"(W)]?
ow [U'(W))?

(1.24)

Also, it can be shown that the coefficient of risk aversion contains all relevant
information about the individual’s risk preferences. To see this, note that
LWy o [UT(W)])

R(W) = O =T oW (1.25)

Integrating both sides of (1.25), we have

- / ROW)AW = W[U'(W)] + &1 (1.26)

where ¢; is an arbitrary constant. Taking the exponential function of (1.26),

one obtains

e~ S RWIAW _ 7 (py7)eer (1.27)

Integrating once again gives

/e—fR(W)deW — 1 UW) + o (1.28)
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where ¢y is another arbitrary constant. Because expected utility functions
are unique up to a linear transformation, e*U (W) 4 ¢; reflects the same risk
preferences as U(W). Hence, this shows one can recover the risk preferences of
U (W) from the function R (W).

Relative risk aversion is another frequently used measure of risk aversion and

is defined simply as

R.(W)=WR(W) (1.29)

In many applications in financial economics, an individual is assumed to have
relative risk aversion that is constant for different levels of wealth. Note that this
assumption implies that the individual’s absolute risk aversion, R (W), declines
in direct proportion to increases in his wealth. While later chapters will discuss
the widely varied empirical evidence on the size of individuals’ relative risk
aversions, one recent study based on individuals’ answers to survey questions

finds a median relative risk aversion of approximately 7.14

Let us now examine the coefficients of risk aversion for some utility functions
that are frequently used in models of portfolio choice and asset pricing. Power

utility can be written as

UW)=2W"~y<1 (1.30)

14The mean estimate was lower, indicating a skewed distribution. Robert Barsky, Thomas
Juster, Miles Kimball, and Matthew Shapiro (Barsky, Juster, Kimball, and Shapiro 1997)
computed these estimates of relative risk aversion from a survey that asked a series of ques-
tions regarding whether the respondent would switch to a new job that had a 50-50 chance
of doubling their lifetime income or decreasing their lifetime income by a proportion A. By
varying A in the questions, they estimated the point where an individual would be indifferent
between keeping their current job or switching. Essentially, they attempted to find A* such
that %U W) + %U (A*W) = U (W). Assuming utility displays constant relative risk aver-
sion of the form U (W) = W7 /~, then the coefficient of relative risk aversion, 1 — -y, satisfies
27 + A*Y = 2. The authors warn that their estimates of risk aversion may be biased upward
if individuals attach nonpecuniary benefits to maintaining their current occupation. Interest-
ingly, they confirmed that estimates of relative risk aversion tended to be lower for individuals
who smoked, drank, were uninsured, held riskier jobs, and invested in riskier assets.
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implying that R(W) = —("’_Ml,)ﬁ/:iz = (11;/V) and, therefore, R.(W) = 1 —

~. Hence, this form of utility is also known as constant relative risk aversion.
Logarithmic utility is a limiting case of power utility. To see this, write the
power utility function as %W” — % = %.15 Next take the limit of this utility
function as v — 0. Note that the numerator and denominator both go to zero,
such that the limit is not obvious. However, we can rewrite the numerator in

terms of an exponential and natural log function and apply L’Hépital’s rule to

obtain

Y1 yIn(W) _ 1 1 W
i VT g O OV (1.31)
y—0 vy y—0 vy y—0 1

Thus, logarithmic utility is equivalent to power utility with v = 0, or a coefficient

of relative risk aversion of unity: R(W) = — %j = and R, (W) = 1.

Quadratic utility takes the form

UW)=W-2W?b>0 (1.32)

Note that the marginal utility of wealth is U'(W) = 1 — bW and is positive only
when b < % Thus, this utility function makes sense (in that more wealth is

preferred to less) only when W < %. The point of maximum utility, %, is known

as the “bliss point.” We have R(W) = ﬁ and R, (W) = 1%VW.

Hyperbolic absolute-risk-aversion (HARA) utility is a generalization of all of

the aforementioned utility functions. It can be written as

UW) = I_T” <1“_W7 + 5)7 (1.33)

15Recall that we can do this because utility functions are unique up to a linear transforma-
tion.
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subject to the restrictions v # 1, a > 0, % + 5 >0,and g =11if v = —o0.
Thus, R(W) = (% + §>_1. Since R(W) must be > 0, it implies 8 > 0 when
v>1 R(W)=W (% + g)il. HARA utility nests constant absolute risk
aversion (y = —oo, f = 1), constant relative risk aversion (y < 1, 8 = 0),
and quadratic (v = 2) utility functions. Thus, depending on the parameters, it
is able to display constant absolute risk aversion or relative risk aversion that
is increasing, decreasing, or constant. We will revisit HARA utility in future
chapters as it can be an analytically convenient assumption for utility when

deriving an individual’s intertemporal consumption and portfolio choices.

Pratt’s definition of a risk premium in equation (1.17) is commonly used
in the insurance literature because it can be interpreted as the payment that
an individual is willing to make to insure against a particular risk. However,
in the field of financial economics, a somewhat different definition is often em-
ployed. Financial economists seek to understand how the risk of an asset’s
payoff determines the asset’s rate of return. In this context, an asset’s risk
premium is defined as its expected rate of return in excess of the risk-free rate
of return. This alternative concept of a risk premium was used by Kenneth
Arrow (Arrow 1971), who independently derived a coefficient of risk aversion
that is identical to Pratt’s measure. Let us now outline Arrow’s approach.
Suppose that an asset (lottery), £, has the following payoffs and probabilities

(which could be generalized to other types of fair payoffs):

+¢ with probability (1.34)

—e with probability

NI= N

where € > 0. Note that, as before, E[¢] = 0. Now consider the following
question. By how much should we change the expected value (return) of the

asset, by changing the probability of winning, in order to make the individual
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indifferent between taking and not taking the risk? If p is the probability of

winning, we can define the risk premium as

0 =prob(e=+e)—prob(=—-€)=p—(1—-p)=2p—1 (1.35)

Therefore, from (1.35) we have

prob(Z=+e)=p=1(1+0)

prob(’é: —e) =1l-p= %(1_9) (136)

These new probabilities of winning and losing are equal to the old probabilities,

%, plus half of the increment, §. Thus, the premium, 6, that makes the individual

indifferent between accepting and refusing the asset is

Uw) = %(1+9)U(W+e)+ %(1 —OU(W — o) (1.37)

Taking a Taylor series approximation around € = 0 gives

UWw) = %(1 L 0) [UW) + U (W) + 1207 (W)] (1.38)
+%(1 —0) [UW) —eU' (W) + 5&U" (W)]
= UW)+edU' (W) + 12U (W)

0= LeR(W) (1.39)

which, as before, is a function of the coefficient of absolute risk aversion. Note
that the Arrow premium, 6, is in terms of a probability, while the Pratt measure,

7, is in units of a monetary payment. If we multiply by the monetary payment
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received, €, then equation (1.39) becomes

el = LER(W) (1.40)

Since €? is the variance of the random payoff, Z, equation (1.40) shows that the
Pratt and Arrow measures of risk premia are equivalent. Both were obtained
as a linearization of the true function around € = 0.

The results of this section showed how risk aversion depends on the shape of
an individual’s utility function. Moreover, it demonstrated that a risk premium,
equal to either the payment an individual would make to avoid a risk or the
individual’s required excess rate of return on a risky asset, is proportional to

the individual’s Pratt-Arrow coefficient of absolute risk aversion.

1.3 Risk Aversion and Portfolio Choice

Having developed the concepts of risk aversion and risk premiums, we now
consider the relation between risk aversion and an individual’s portfolio choice
in a single period context. While the portfolio choice problem that we analyze
is very simple, many of its insights extend to the more complex environments
that will be covered in later chapters of this book. We shall demonstrate that
absolute and relative risk aversion play important roles in determining how
portfolio choices vary with an individual’s level of wealth. Moreover, we show
that when given a choice between a risk-free asset and a risky asset, a risk-averse
individual always chooses at least some positive investment in the risky asset if
it pays a positive risk premium.

The model’s assumptions are as follows. Assume there is a riskless security
that pays a rate of return equal to r¢. In addition, for simplicity, suppose there

is just one risky security that pays a stochastic rate of return equal to 7. Also,
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let Wy be the individual’s initial wealth, and let A be the dollar amount that
the individual invests in the risky asset at the beginning of the period. Thus,
Wo— A is the initial investment in the riskless security. Denoting the individual’s

end-of-period wealth as W, it satisfies

W= (Wo—A)(1+r)+AQ1+7) (1.41)

= Wo(l+rp)+ AT —ry)

Note that in the second line of equation (1.41), the first term is the individual’s
return on wealth when the entire portfolio is invested in the risk-free asset, while
the second term is the difference in return gained by investing A dollars in the

risky asset.

We assume that the individual cares only about consumption at the end of
this single period. Therefore, maximizing end-of-period consumption is equiva-
lent to maximizing end-of-period wealth. Assuming that the individual is a von
Neumann-Morgenstern expected utility maximizer, she chooses her portfolio by

maximizing the expected utility of end-of-period wealth:

ijE[U(W)] = maxFE U (Wo(L+rp)+ AT —ryp))] (1.42)

The solution to the individual’s problem in (1.42) must satisfy the following

first-order condition with respect to A:

E [U’ (W) (f—rf)} =0 (1.43)

This condition determines the amount, A, that the individual invests in the
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risky asset.' Consider the special case in which the expected rate of re-
turn on the risky asset equals the risk-free rate. In that case, A = 0 sat-
isfies the first-order condition. To see this, note that when A = 0, then
W = Wy (1 + ) and, therefore, U’ (W) =U" (Wy (1 +ry)) are nonstochastic.
Hence, E {U’ (W) (7 — rf)] =U Wy (L+ry))E[f —rg) = 0. This result is
reminiscent of our earlier finding that a risk-averse individual would not choose
to accept a fair lottery. Here, the fair lottery is interpreted as a risky asset that
has an expected rate of return just equal to the risk-free rate.

Next, consider the case in which E[f]—7; > 0. Clearly, A = 0 would not sat-
isfy the first-order condition, because E {U’ (W) (r — rf)} =U" (Wo(1+ry)) E[f—l
r¢] > 0 when A = 0. Rather, when E[f] —r¢ > 0, condition (1.43) is satisfied
only when A > 0. To see this, let 7" denote a realization of 7 such that it exceeds
r¢, and let W" be the corresponding level of W. Also, let 7! denote a realization
of 7 such that it is lower than 7y, and let W' be the corresponding level of w.
Obviously, U'(W")(r" —r;) > 0 and U'(W')(r! —rf) < 0. For U’ (W) (7 —ryg)
to average to zero for all realizations of 7, it must be the case that W" > W!
so that U' (W") < U’ (W') due to the concavity of the utility function. This is
because E[f] — ¢ > 0, so the average realization of 7" is farther above r; than
the average realization of 7! is below r;. Therefore, to make U’ (W) (F—1y)
average to zero, the positive (r" — ry) terms need to be given weights, U’ (Wh),
that are smaller than the weights, U’(W'), that multiply the negative (r! — )
realizations. This can occur only if A > 0 so that W" > W'. The implication
is that an individual will always hold at least some positive amount of the risky

asset if its expected rate of return exceeds the risk-free rate.!”

16The second order condition for a maximum, E [U” (W) (F — rf)Q] < 0, is satisfied be-

cause U" (W) < 0 due to the assumed concavity of the utility function.

ITRelated to this is the notion that a risk-averse expected utility maximizer should accept
a small lottery with a positive expected return. In other words, such an individual should
be close to risk-neutral for small-scale bets. However, Matthew Rabin and Richard Thaler
(Rabin and Thaler 2001) claim that individuals frequently reject lotteries (gambles) that are
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Now, we can go further and explore the relationship between A and the
individual’s initial wealth, ;. Using the envelope theorem, we can differentiate

the first-order condition to obtain!®

E U (W) = 1)1+ 1p)| dWo + B [U" (W)~ rp)?| dA =0 (1.44)

or

a4 (B [U"(00)6 —ry)
WMo B [Ur(W) -]

(1.45)

The denominator of (1.45) is positive because concavity of the utility function
ensures that U” (W) is negative. Therefore, the sign of the expression depends
on the numerator, which can be of either sign because realizations of (7 — )

can turn out to be both positive and negative.

To characterize situations in which the sign of (1.45) can be determined, let

modest in size yet have positive expected returns. From this they argue that concave expected

utility is not a plausible model for predicting an individual’s choice of small-scale risks.
18The envelope theorem is used to analyze how the maximized value of the objective function

and the control variable change when one of the model’s parameters changes. In our context,

define f(A,Wp) = E [U (W)] and let the function v (Wp) = mgxf(A, Wo) be the maximized

value of the objective function when the control variable, A, is optimally chosen. Also define
A (Wp) as the value of A that maximizes f for a given value of the initial wealth parameter
Woy. Now let us first consider how the maximized value of the objective function changes
when we change the parameter Wy. We do this by differentiating v (Wy) with respect to Wy
dv(Wo) _ 0f(A,Wo) dA(Wo) | 0f(A(Wp).Wo)
awy, DA awy, aWo
note that w = 0 since this is the first-order condition for a maximum, and it must
di;(v“//Vo) _ 9f(A(Wo),Wo)

by applying the chain rule to obtain

. However,

hold when at the maximum. Hence, this derivative simplifies to Wo
Thus, the first envelope theorem result is that the derivative of the maximized value of the
objective function with respect to a parameter is just the partial derivative with respect to that
parameter. Second, consider how the optimal value of the control variable, A (Wp), changes
when the parameter Wy changes. We can derive this relationship by differentiating the first-
order condition Of (A (Wp),Wop) /OA = 0 with respect to Wy. Again applying the chain rule
9(0f(A(W0),W0)/0A) _ g _ 9% f(A(W0),Wo) dA(Wo) n
oW, A2 aWo

to the first-order condition, one obtains
82 f(A(Wp), W, . . dA(W, 8% F(A(Wp),Wo) ;8% F(A(Wp),W,
7f(61§6&/)0 0) Rearranging gives us d(WOO) = - f(axgav?/)o O)/ it (,(Mg) 0)
equation (1.45).

, which is
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us first consider the case where the individual has absolute risk aversion that
is decreasing in wealth. As before, let 7" denote a realization of 7 such that it
exceeds 7y, and let W be the corresponding level of W. Then for A > 0, we
have W > Wy (1 + ry). If absolute risk aversion is decreasing in wealth, this

implies

R(W") < RWo(1+1y)) (1.46)

where, as before, R(W) = —U"(W)/U’(W). Multiplying both terms of (1.46)

by —U'(W")(r" —r;), which is a negative quantity, the inequality sign changes:

U Wt —rp) = =U' (W) (" — 1) R(Wo(1 +77)) (1.47)

Next, we again let r! denote a realization of 7 that is lower than + and define wt
to be the corresponding level of W. Then for A > 0, we have W! < Wy (1 +7y).

If absolute risk aversion is decreasing in wealth, this implies

RWY = R(Wo(1+7y)) (1.48)

Multiplying (1.48) by —U’(W')(r! — r;), which is positive, so that the sign

of (1.48) remains the same, we obtain

U'"(WhH(rt —rp) = U (WH (' —rp)R(Wo(1+1ry)) (1.49)

Notice that inequalities (1.47) and (1.49) are of the same form. The inequality

b or # = r!. Therefore, if we take expecta-

holds whether the realization is 7 = r
tions over all realizations, where 7 can be either higher than or lower than ry,

we obtain
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EU" (W) =rp)] > =B [U(WN)F = )| ROWo(L+77)  (150)

Since the first term on the right-hand side is just the first-order condition,

inequality (1.50) reduces to

E U (W) - rf)} >0 (1.51)
Thus, the first conclusion that can be drawn is that declining absolute risk aver-

sion implies dA/dWy > 0; that is, the individual invests an increasing amount
of wealth in the risky asset for larger amounts of initial wealth. For two indi-
viduals with the same utility function but different initial wealths, the wealthier
one invests a greater dollar amount in the risky asset if utility is characterized
by decreasing absolute risk aversion. While not shown here, the opposite is
true, namely, that the wealthier individual invests a smaller dollar amount in

the risky asset if utility is characterized by increasing absolute risk aversion.

Thus far, we have not said anything about the proportion of initial wealth
invested in the risky asset. To analyze this issue, we need the concept of relative

risk aversion. Define

_dA W,
"= A (1.52)

which is the elasticity measuring the proportional increase in the risky asset for

an increase in initial wealth. Adding 1— % to the right-hand side of (1.52) gives

(dA/dWe)Wy — A

(1.53)
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Substituting the expression dA/dW; from equation (1.45), we have

Wo(1+ 1) E [U"(W)(7 = rp)| + AE [U"(W)(7 = ry)?

n=1+ - (1.54)
—AE [U" (W) = ry)?]
Collecting terms in U” (W)(7 — r¢), this can be rewritten as
E[U"(W)(7 = r){Wo(1+7) + A7 — 1)}
n = 1+ _ (1.55)
—AE [U"(W)(F = ry)?]
E [U”(W)(F - rf)VT/]
= 1+

—AE [U" (W)~ ry)?]

The denominator is always positive. Therefore, we see that the elasticity, n, is

greater than one, so that the individual invests proportionally more in the risky
asset with an increase in wealth, if E |U"(W)(F — rf)W} > 0. Can we relate
this to the individual’s risk aversion? The answer is yes and the derivation is

almost exactly the same as that just given.

Consider the case where the individual has relative risk aversion that is
decreasing in wealth. Let r" denote a realization of # such that it exceeds
¢, and let W" be the corresponding level of W. Then for A > 0, we have
W > Wo(1 + 7). If relative risk aversion, R,.(W) = WR(W), is decreasing in

wealth, this implies

W'R(W") < Wo(1 +74)R(Wo(1+74)) (1.56)
Multiplying both terms of (1.56) by —U’(W")(r" — r¢), which is a negative

quantity, the inequality sign changes:
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Who"(Whyr" —rp) = U (W) (" —rp)Wo(1 +rp)R(Wo(1+7y)) (1.57)

Next, let r! denote a realization of 7 such that it is lower than 7y, and let W'
be the corresponding level of W. Then for A > 0, we have W' < Wy(1 +ry). If

relative risk aversion is decreasing in wealth, this implies

WIR(W?') = Wo(1+7;)R (Wo(1 +1y)) (1.58)

Multiplying (1.58) by —U’(W!)(r! — r¢), which is positive, so that the sign of

(1.58) remains the same, we obtain

WU Wh(rt —rp) = U (WHr —rp)Wo(1 +rp)R(Wo(1+714))  (1.59)

Notice that inequalities (1.57) and (1.59) are of the same form. The inequality

h

holds whether the realization is # = r* or # = . Therefore, if we take expecta-

tions over all realizations, where 7 can be either higher than or lower than ry,

we obtain

B [WU" (W) = rp)| > =B [U'(W)(G = rp)] Wo(14+r) R(Wo(1+r4)) (1.60)

Since the first term on the right-hand side is just the first-order condition,

inequality (1.60) reduces to

E [WU”(W)(f —rp)| =0 (1.61)
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Thus, we see that an individual with decreasing relative risk aversion has n > 1
and invests proportionally more in the risky asset as wealth increases. The
opposite is true for increasing relative risk aversion: 7 < 1 so that this individual
invests proportionally less in the risky asset as wealth increases. The following

table provides another way of writing this section’s main results.
Risk Aversion Investment Behavior

Decreasing Absolute 881/30 >0

Constant Absolute 8%0 =0

Increasing Absolute % <0

Decreasing Relative 38;}0 > WAO
Constant Relative a‘r’v‘{,‘o = WAO
Increasing Relative (f—vﬁ) < WAO

A point worth emphasizing is that absolute risk aversion indicates how the
investor’s dollar amount in the risky asset changes with changes in initial wealth,
whereas relative risk aversion indicates how the investor’s portfolio proportion
(or portfolio weight) in the risky asset, A/Wy, changes with changes in initial

wealth.

1.4 Summary

This chapter is a first step toward understanding how an individual’s preferences
toward risk affect his portfolio behavior. It was shown that if an individual’s
risk preferences satisfied specific plausible conditions, then her behavior could
be represented by a von Neumann-Morgenstern expected utility function. In
turn, the shape of the individual’s utility function determines a measure of risk
aversion that is linked to two concepts of a risk premium. The first one is
the monetary payment that the individual is willing to pay to avoid a risk, an

example being a premium paid to insure against a property/casualty loss. The
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second is the rate of return in excess of a riskless rate that the individual requires
to hold a risky asset, which is the common definition of a security risk premium
used in the finance literature. Finally, it was shown how an individual’s absolute
and relative risk aversion affect his choice between a risky and risk-free asset. In
particular, individuals with decreasing (increasing) relative risk aversion invest
proportionally more (less) in the risky asset as their wealth increases. Though
based on a simple single-period, two-asset portfolio choice model, this insight
generalizes to the more complex portfolio choice problems that will be studied

in later chapters.

1.5 Exercises

1. Suppose there are two lotteries P = {p1, ..., pn } and P* = {p7,...,p-}. Let
n
V (p1,.-s0n) = > piU; be an individual’s expected utility function defined
i=1

over these lotteries. Let W (p1,...,pn) = ipin where @; = a + bU; and
a and b are constants. If P* = P, so thzazth(pT, v D) >V (p1y ey Pn),s
must it be the case that W (p3,...,p5) > W (p1, ..., pn)? In other words, is
W also a valid expected utility function for the individual? Are there any

restrictions needed on a and b for this to be the case?

2. (Allais paradox) Asset A pays $1,500 with certainty, while asset B pays
$2,000 with probability 0.8 or $100 with probability 0.2. If offered the
choice between asset A or B, a particular individual would choose asset
A. Suppose, instead, that the individual is offered the choice between
asset C and asset D. Asset C pays $1,500 with probability 0.25 or $100
with probability 0.75, while asset D pays $2,000 with probability 0.2 or
$100 with probability 0.8. If asset D is chosen, show that the individual’s

preferences violate the independence axiom.



1.5. EXERCISES 35

3. Verify that the HARA utility function in equation (1.33) becomes the
constant absolute-risk-aversion utility function when =1 and v = —o0.

Hint: recall that e* = lim (1 + %)x

4. Consider the individual’s portfolio choice problem given in equation (1.42).

Assume U (W) = In (W) and the rate of return on the risky asset equals

4ry  with probability
. Solve for the individual’s proportion

<
I
N~ N

—ry with probability
of initial wealth invested in the risky asset, A/W.

5. An expected-utility-maximizing individual has constant relative-risk-aversionfi
utility, U (W) = W7 /~, with relative risk-aversion coefficient of v = —1.
The individual currently owns a product that has a probability p of fail-
ing, an event that would result in a loss of wealth that has a present
value equal to L. With probability 1 — p, the product will not fail and no
loss will result. The individual is considering whether to purchase an ex-
tended warranty on this product. The warranty costs C' and would insure
the individual against loss if the product fails. Assuming that the cost of
the warranty exceeds the expected loss from the product’s failure, deter-
mine the individual’s level of wealth at which she would be just indifferent

between purchasing or not purchasing the warranty.

6. In the context of the portfolio choice problem in equation (1.42), show that
an individual with increasing relative risk aversion invests proportionally

less in the risky asset as her initial wealth increases.

7. Consider the following four assets whose payoffs are as follows:

X with probability p, Y with probability p
Asset A = Y Asset B = Y Py

0 with probability 1 — p, 0 with probability 1 — p,
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X with probability ap, Y with probability ap
Asset C = Asset D = Y
0 with probability 1 — ap, 0 with probability 1 — ap,

where 0 < X <Y, py < ps, paX <p,Y, and a € (0,1).

a. When given the choice of asset C versus asset D, an individual chooses as-
set C. Could this individual’s preferences be consistent with von Neumann-Ji

Morgenstern expected utility theory? Explain why or why not.

b. When given the choice of asset A versus asset B, an individual chooses
asset A. This same individual, when given the choice between asset C and
asset D, chooses asset D. Could this individual’s preferences be consistent
with von Neumann-Morgenstern expected utility theory? Explain why or

why not.

8. An individual has expected utility of the form

where b > 0. The individual’s wealth is normally distributed as NV (W, O%V) I

What is this individual’s certainty equivalent level of wealth?



Chapter 2

Mean-Variance Analysis

The preceding chapter studied an investor’s choice between a risk-free asset
and a single risky asset. This chapter adds realism by giving the investor
the opportunity to choose among multiple risky assets. As a University of
Chicago graduate student, Harry Markowitz wrote a path-breaking article on
this topic (Markowitz 1952).! Markowitz’s insight was to recognize that, in
allocating wealth among various risky assets, a risk-averse investor should focus
on the expectation and the risk of her combined portfolio’s return, a return
that is affected by the individual assets’ diversification possibilities. Because of
diversification, the attractiveness of a particular asset when held in a portfolio
can differ from its appeal when it is the sole asset held by an investor.
Markowitz proxied the risk of a portfolio’s return by the variance of its re-
turn.  Of course, the variance of an investor’s total portfolio return depends
on the return variances of the individual assets included in the portfolio. But

portfolio return variance also depends on the covariances of the individual as-

1His work on portfolio theory, of which this article was the beginning, won him a share of
the Nobel prize in economics in 1990. Initially, the importance of his work was not widely
recognized. Milton Friedman, a member of Markowitz’s doctoral dissertation committee
and later also a Nobel laureate, questioned whether the work met the requirements for an
economics Ph.D. See (Bernstein 1992).

37
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sets’ returns. Hence, in selecting an optimal portfolio, the investor needs to
consider how the comovement of individual assets’ returns affects diversification
possibilities.

A rational investor would want to choose a portfolio of assets that efficiently
trades off higher expected return for lower variance of return. Interestingly,
not all portfolios that an investor can create are efficient in this sense. Given
the expected returns and covariances of returns on individual assets, Markowitz
solved the investor’s problem of constructing an efficient portfolio. His work has
had an enormous impact on the theory and practice of portfolio management

and asset pricing.

Intuitively, it makes sense that investors would want their wealth to earn
a high average return with as little variance as possible. However, in gen-
eral, an individual who maximizes expected utility may care about moments
of the distribution of wealth in addition to its mean and variance.? Though
Markowitz’s mean-variance analysis fails to consider the effects of these other
moments, in later chapters of this book we will see that his model’s insights can

be generalized to more complicated settings.

The next section outlines the assumptions on investor preferences and the
distribution of asset returns that would allow us to simplify the investor’s portfo-
lio choice problem to one that considers only the mean and variance of portfolio
returns. We then analyze a risk-averse investor’s preferences by showing that

he has indifference curves that imply a trade-off of expected return for variance.

2For example, expected utility can depend on the skewness (the third moment) of the
return on wealth. The observation that some people purchase lottery tickets even though
these investments have a negative expected rate of return suggests that their utility is enhanced
by positive skewness. Alan Kraus and Robert Litzenberger (Kraus and Litzenberger 1976)
developed a single-period portfolio selection and asset pricing model that extends Markowitz’s
analysis to consider investors who have a preference for skewness. Their results generalize
Markowitz’s model, but his fundamental insights are unchanged. For simplicity, this chapter
focuses on the orginal Markowitz framework. Recent empirical work by Campbell Harvey
and Akhtar Siddique (Harvey and Siddigue 2000) examines the effect of skewness on asset
pricing.
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Subsequently, we show how a portfolio can be allocated among a given set of
risky assets in a mean-variance efficient manner. We solve for the efficient fron-
tier, defined as the set of portfolios that maximizes expected returns for a given
variance of returns, and show that any two frontier portfolios can be combined
to create a third. In addition, we show that a fundamental simplification to the
investor’s portfolio choice problem results when one of the assets included in the
investor’s choice set is a risk-free asset. The final section of this chapter applies
mean-variance analysis to a problem of selecting securities to hedge the risk of
commodity prices. This application is an example of how modern portfolio

analysis has influenced the practice of risk management.

2.1 Assumptions on Preferences and Asset Re-

turns

Suppose an expected-utility-maximizing individual invests her beginning-of-periodll
wealth, Wy, in a particular portfolio of assets. Let Ep be the random return
on this portfolio, so that the individual’s end-of-period wealth is W = VVOEP.3

Denote this individual’s end-of-period utility by U(W). Given W, for nota-

tional simplicity we write U(W) = U (Woép) as just U(R,), because W is
completely determined by Ep.

Let us express U(R,,) by expanding it in a Taylor series around the mean of

R,, denoted as E[R,). Let U’ (-), U”(-), and U™ (-) denote the first, second,

th

and n'"* derivatives of the utility function:

3Thus, ﬁp is defined as one plus the rate of return on the portfolio.
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Now let us investigate the conditions that would make this individual’s ex-
pected utility depend only on the mean and variance of the portfolio return.
We first analyze the restrictions on the form of utility, and then the restrictions
on the distribution of asset returns, that would produce this result.

Note that if the utility function is quadratic, so that all derivatives of order 3

and higher are equal to zero (U(") =0,V n > 3), then the individual’s expected

utility is

= U (BIR,]) +3VIR,JU" (EIR,)) (2:2)

where VR, is the variance of the return on the portfolio.*

Therefore, for any
probability distribution of the portfolio return, ﬁp, quadratic utility leads to
expected utility that depends only on the mean and variance of Ep

Next, suppose that utility is not quadratic but any general increasing, con-
cave form. Are there particular probability distributions for portfolio returns

that make expected utility, again, depend only on the portfolio return’s mean

4The expected value of the second term in the Taylor series, £ [(Ep — E[I:’;p]) U’ (E[Ep])] ,
equals zero.
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and variance? Such distributions would need to be fully determined by their
means and variances, that is, they must be two-parameter distributions whereby
higher-order moments could be expressed in terms of the first two moments
(mean and variance). Many distributions, such as the gamma, normal, and
lognormal, satisfy this criterion. But in the context of an investor’s portfolio
selection problem, such distributions need to satisfy other reasonable conditions.

Since an individual is able to choose which assets to combine into a portfolio,
all portfolios created from a combination of individual assets or other portfolios
must have distributions that continue to be determined by their means and vari-
ances. In other words, we need a distribution such that if the individual assets’
return distributions depend on just mean and variance, then the return on a
linear combination (portfolio) of these assets has a distribution that depends on
just the portfolio’s mean and variance. Furthermore, the distribution should
allow for a portfolio that possibly includes a risk-free (zero variance) asset, as
well as assets that may be independently distributed. The only distributions
that satisfy these “additivity,” “possible risk-free asset,” and “possible indepen-

>  However, the

dent assets” restrictions is the stable family of distributions.
only distribution within the stable family that has finite variance is the normal
(Gaussian) distribution. Thus, since the multivariate normal distribution sat-
isfies these portfolio conditions and has finite variance, it can be used to justify
mean-variance analysis.

To verify that expected utility depends only on the portfolio return’s mean
and variance when this return is normally distributed, note that the third,

fourth, and all higher central moments of the normal distribution are either

zero or a function of the variance: F [(Ep - E[EPD } = 0 for n odd, and

E Kﬁp - E[ﬁ,,])n] = (71";!2)! (%V[Ep])n/z for n even. Therefore, in this case

the individual’s expected utility equals

5See (Chamberlain 1983) and (Liu 2004).
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E [U(Ep)} - U (E[iép}) + LVIR,U" (E[Ep]) +0+ % <V[E,,])2 u (E[E,,])
n/2
O+ .+ ﬁ (;V[Ep]) " o (BIR,]) + .. (2.3)

which depends only on the mean and variance of the portfolio return.

In summary, restricting utility to be quadratic or restricting the distribution
of asset returns to be normal allows us to write &/ [U (Ep)] as a function of only
the mean, F [f%p], and the variance, V[Ep], of the portfolio return. Are either
of these assumptions realistic? If not, it may be unjustified to suppose that
only the first two moments of the portfolio return distribution matter to the
individual investor.

The assumption of quadratic utility clearly is problematic. As mentioned
earlier, quadratic utility displays negative marginal utility for levels of wealth
greater than the “bliss point,” and it has the unattractive characteristic of in-
creasing absolute risk aversion. There are also difficulties with the assumption
of normally distributed asset returns. When asset returns measured over any
finite time period are normally distributed, there exists the possibility that their
end-of-period values could be negative since realizations from the normal dis-
tribution have no lower (or upper) bound. This is an unrealistic description of
returns for many assets such as stocks and bonds because, being limited-liability
assets, their minimum value is nonnegative.’

As will be demonstrated in Chapter 12, the assumption of normal returns
can be modified if we generalize the model to have multiple periods and assume
that asset rates of return follow continuous-time stochastic processes. In that

context, one can assume that assets’ rates of return are instantaneously normally

6 A related problem is that many standard utility functions, such as constant relative risk
aversion, are not defined for negative values of portfolio wealth.
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distributed, which implies that if their means and variances are constant over
infinitesimal intervals, then over any finite interval asset values are lognormally
distributed. This turns out to be a better way of modeling limited-liability as-
sets because the lognormal distribution bounds these assets’ values to be no less
than zero. When we later study continuous-time, multiperiod models, we shall
see that the results derived here assuming a single-period, discrete-time model
continue to hold, under particular conditions, in the more realistic multi-period
context. Moreover, in more complex multiperiod models that permit assets
to have time-varying return distributions, we will show that optimal portfolio
choices are straightforward generalizations of the mean-variance results derived

in this chapter.

2.2 Investor Indifference Relations

Therefore, let us proceed by assuming that the individual’s utility function,
U, is a general concave utility function and that individual asset returns are
normally distributed. Hence, a portfolio of these assets has a return Rp that
is normally distributed with probability density function f(R; Rp,af)), where
we use the shorthand notation R, = E[R,] and or = VIR,]. In this section
we analyze an investor’s "tastes," that is, the investor’s risk-expected return
preferences when utility depends on the mean (expected return) and variance
(risk) of the return on wealth. The following section analyzes investment "tech-
nologies" represented by the combinations of portfolio risk and expected return
that can be created from different portfolios of individual assets. Historically,
mean-variance analysis has been illustrated graphically, and we will follow that

convention while also providing analytic results.

Note that an investor’s expected utility can then be written as
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E [U (J?zp)] - /_ O:O U(R)f(R; Ry, 02)dR (2.4)

To gain insight regarding this investor’s preferences over portfolio risk and ex-
pected return, we wish to determine the characteristics of this individual’s indif-
ference curves in portfolio mean-variance space. An indifference curve represents
the combinations of portfolio mean and variance that would give the individual

the same level of expected utility.” To understand this relation, let us begin by

R,—R,
Ip

. Then

defining = =

E[U (R’,,)] :/ U(R, + z0,)n(x)dx (2.5)

—oo
where n(z) = f (;0,1) is the standardized normal probability density function,
that is, the normal density having a zero mean and unit variance. Now consider
how expected utility varies with changes in the mean and variance of the return

on wealth. Taking the partial derivative with respect to Rp:

W — /o:o U'n(z)dz >0 (2.6)

since U’ is always greater than zero. Next, take the partial derivative of equation

(2.5) with respect to o3:

W _ %W _ 2; o; Usn(z)dz  (2.7)

While U’ is always positive, z ranges between —oo and +oo. Because z has a

"Indifference curves are used in microeconomics to analyze an individual’s choice of con-
suming different quantities of multiple goods. For example, if utility, u (z,y), derives from
consuming two goods, with x being the quantity of good X consumed and y being the quan-
tity of good Y consumed, then an indifference curve is the locus of points in X, Y space
that gives a constant level of utility; that is, combinations of goods X and Y for which the
individual would be indifferent between consuming. Mathematically, these combinations are
represented as the points (z,y) such that u (x,y) = U, a constant. In this section, we employ
a similar concept but where expected utility depends on the mean and variance of the return
on wealth.
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standard normal distribution, which is symmetric, for each positive realization
there is a corresponding negative realization with the same probability den-
sity. For example, take the positive and negative pair +x; and —x;. Then
n(+z;) = n(—=z;). Comparing the integrand of equation (2.7) for equal absolute

realizations of x, we can show

U'(Ry + xiop)zin(z;) + U (R, — zi0p) (—zi)n(—;) (2.8)

U'(Ry + ziop)zin(z;) — U (Ry, — ziop)xin(x;)

= amn(z;) [U(Ry +aiop) — U'(Ry, — mi0,)] <0

because

U'(R, + z0,) <U' (R, — m;0,) (2.9)

due to the assumed concavity of U; that is, the individual is risk averse so that
U” < 0. Thus, comparing U'z;n(z;) for each positive and negative pair, we
conclude that
EU (&) 1 =,
T‘% = 20, U'zn(z)dr <0 (2.10)

which is the intuitive result that higher portfolio variance, without higher port-

folio expected return, reduces a risk-averse individual’s expected utility.

Finally, an indifference curve is the combinations of portfolio mean and vari-
ance that leaves expected utility unchanged. In other words, it is combinations
of (Rp, 012,) that satisfy the equation F [U (EI,)} = U, a constant. Higher lev-

els of U denote different indifference curves providing a greater level of utility.

If we totally differentiate this equation, we obtain
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el (1) = PO P

which, based on our previous results, tells us that each indifference curve is

positively sloped in (Rp, 012,) space:

iR,  OF [U (E,,)} /8E [U (R'p)}
dag o 8012, OR,

>0 (2.12)

Thus, the indifference curve’s slope in (2.12) quantifies the extent to which
the individual requires a higher portfolio mean for accepting a higher portfolio
variance.

Indifference curves are typically drawn in mean-standard deviation space,
rather than mean - variance space, because standard deviations of returns are in
the same unit of measurement as returns or interest rates (rather than squared
returns). Figure 2.1 illustrates such a graph, where the arrow indicates an
increase in the utility level, U.® It is left as an end-of-chapter exercise to show
that the curves are convex due to the assumed concavity of the utility function.

Having analyzed an investor’s preferences over different combinations of
portfolio means and standard deviations (or variances), let us consider next
what portfolio means and standard deviations are possible given the available

distributions of returns for individual assets.

2.3 The Efficient Frontier

The individual’s optimal choice of portfolio mean and variance is determined by

the point where one of these indifference curves is tangent to the set of means

8 Clearly, these indifference curves cannot "cross" (intersect), because we showed that util-
ity is always increasing in expected portfolio return for a given level of portfolio standard
deviation.
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~

Increasing Utility

Figure 2.1: Indifference Curves

and standard deviations for all feasible portfolios, what we might describe as the
“risk versus expected return investment opportunity set.” This set represents
all possible ways of combining various individual assets to generate alternative
combinations of portfolio mean and variance (or standard deviation). This set
includes inefficient portfolios (those in the interior of the opportunity set) as well
as efficient portfolios (those on the “frontier” of the set). Efficient portfolios are
those that make best use of the benefits of diversification. As we shall later
prove, efficient portfolios have the attractive characteristic that any two efficient

portfolios can be used to create any other efficient portfolio.

2.3.1 A Simple Example

To illustrate the effects of diversification, consider the following simple example.
Suppose there are two assets, assets A and B, that have expected returns R4

and Rp and variances of 0% and 0%, respectively. Further, the correlation
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between their returns is given by p. Let us assume that R4 < Rp but 0% < 0%.
Now form a portfolio with a proportion w invested in asset A and a proportion

1 — w invested in asset B.° The expected return on this portfolio is

R,=wRs+ (1-w)Rp (2.13)

The expected return of a portfolio is a simple weighted average of the expected
returns of the individual financial assets. Expected returns are not fundamen-
tally transformed by combining individual assets into a portfolio. The standard

deviation of the return on the portfolio is

1
op = (w0 +2w(l —w)oaopp+ (1 —w)o}]? (2.14)

In general, portfolio risk, as measured by the portfolio’s return standard devia-
tion, is a nonlinear function of the individual assets’ variances and covariances.
Thus, risk is altered in a relatively complex way when individual assets are
combined in a portfolio.

Let us consider some special cases regarding the correlation between the two
assets. Suppose p = 1, so that the two assets are perfectly positively correlated.

Then the portfolio standard deviation equals

1
op = [wPod +2w(l—w)oaos+ (1 —w)cE]? (2.15)

lwoa + (1 —w)op|

which is a simple weighted average of the individual assets’ standard deviations.

Solving (2.15) for asset A’s portfolio proportion gives w = (cptop)/ (0B —04).

91t is assumed that w can be any real number. A w < 0 indicates a short position in asset
A, while w > 1 indicates a short position in asset B.
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Then, by substituting for w in (2.13), we obtain

‘é.:w
I

_ fo. — _ _
Rp + {W] (Rp — Ra) (2.16)
OB —0A

opRa—0aRp  Rp—Ra_

OB —0A 0B —0A
Thus, the relationship between portfolio risk and expected return are two straightlil
lines in o, R, space. They have the same intercept of (cpRa — 0 aRg) /(05 — oa)f]
and have slopes of the same magnitude but opposite signs. The positively sloped
line goes through the points (04, R4) and (03, Rp) when w = 1 and w = 0,
respectively. Whenw =op/(0p — 04) > 1, indicating a short position in asset
B, we see from (2.15) that all portfolio risk is eliminated (o, = 0). Figure 2.2

provides a graphical illustration of these relationships.

Next, suppose p = —1, so that the assets are perfectly negatively correlated.

Then

NI

op = [(woa—(1—-w)op)?] (2.17)

lwoa — (1 —w)op|

In a manner similar to the previous case, we can show that

R UARBJFUBRAZERB*RAU

_ 2.18
oA+ 0B oA+ 0B P ( )

=
which, again, represents two straight lines in o,, R, space. The intercept at
op, = 01is given by w = o/ (04 + o), so that all portfolio risk is eliminated
with positive amounts invested in each asset. Furthermore, the negatively sloped

line goes through the point (04, R4) when w = 1, while the positively sloped
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Figure 2.2: Efficient Frontier with Two Risky Assets

line goes through the point (o5, Rp) when w = 0. Figure 2.2 summarizes these

risk-expected return constraints.

For either the p = 1 or p = —1 case, an investor would always choose a
portfolio represented by the positively sloped lines because they give the high-
est average portfolio return for any given level of portfolio risk. These lines
represent the so-called efficient portfolio frontier. The exact portfolio chosen by

the individual would be where her indifference curve is tangent to the frontier.

When correlation between the assets is imperfect (—1 < p < 1), the relation-
ship between portfolio expected return and standard deviation is not linear but,
as illustrated in Figure 2.2, is hyperbolic. In this case, it is no longer possible
to create a riskless portfolio, so that the portfolio having minimum standard
deviation is one where o, > 0. We now set out to prove these assertions for

the general case of n assets.
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2.3.2 Mathematics of the Efficient Frontier

Robert C. Merton (Merton 1972) provided an analytical solution to the fol-
lowing portfolio choice problem: Given the expected returns and the matrix of
covariances of returns for n individual assets, find the set of portfolio weights
that minimizes the variance of the portfolio for each feasible portfolio expected
return. The locus of these points in portfolio expected return-variance space is
the portfolio frontier. This section presents the derivation of Merton’s solution.
We begin by specifying the problem’s notation and assumptions.

Let R = (Ry Ry... R,) be an n x 1 vector of the expected returns of the
n assets. Also let V' be the n X n covariance matrix of the returns on the n
assets. V is assumed to be of full rank.!” Since it is a covariance matrix, it is
also symmetric and positive definite. Next, let w = (w; wa ...wy) be an n x 1
vector of portfolio proportions, such that w; is the proportion of total portfolio
wealth invested in the i*" asset. It follows that the expected return on the

portfolio is given by

R,=uw'R (2.19)

and the variance of the portfolio return is given by

o =wVuw (2.20)

The constraint that the portfolio proportions must sum to 1 can be written as
w’e = 1 where e is defined to be an n x 1 vector of ones.
The problem of finding the portfolio frontier now can be stated as a quadratic

optimization exercise: minimize the portfolio’s variance subject to the con-

10This implies that there are no redundant assets among the n assets. An asset would be
redundant if its return was an exact linear combination of the the returns on other assets.
If such an asset exists, it can be ignored, since its availability does not affect the efficient
portfolio frontier.
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straints that the portfolio’s expected return equals Ep and the portfolio’s weights

sum to one.!!

minjw'Vw + A [R, — ' R] +7[1 — w'e] (2.21)

The first-order conditions with respect to w and the two Lagrange multipliers,

A and v, are

Vw—AR—7ve=0 (2.22)
R,—W'R= (2.23)
1-we=0 (2.24)

Solving (2.22), the optimal portfolio weights satisfy

W= AVTIR4 AV e (2.25)
Pre-multiplying equation (2.25) by R, we have

R,=Ruw" = RV 'R+~yRV e (2.26)

Pre-multiplying equation (2.25) by €', we have

l=ew =XVIR4+ vV e (2.27)

Equations (2.26) and (2.27) are two linear equations in two unknowns, A and .

11p (2.21), the problem actually minimizes one-half the portfolio variance to avoid carrying
an extra "2" in the first order condition (2.22). The solution is the same as minimizing the
total variance and only changes the scale of the Lagrange multipliers.



2.3. THE EFFICIENT FRONTIER 53

The solution is

SR, — «
S — CME

where a = R’V le=¢'V 'R, c=R'V~'R, and § = €'V ~'e are scalars. Note
that the denominators of A and vy, given by ¢ —a?, are guaranteed to be positive

when V is of full rank.!? Substituting for A and ~ in equation (2.25), we have

R, —« s—aR,

f = VIR+-—-2LV 2.30
v c6—a? * ¢d —a? ¢ (2:30)
Collecting terms in R, gives
w*=a+bR, (2.31)
V7le—aV~IR VIR —aV~!
where @ = ° c-a and b = a ° Equation (2.31) is
6 —a? ¢6 —a?

both a necessary and sufficient condition for a frontier portfolio. Given R,, a
portfolio must have weights satisfying (2.31) to minimize its return variance.
Having found the optimal portfolio weights for a given R, the variance of

the frontier portfolio is

o7 = w'Vw* = (a+bRy)'V(a+bRy) (2.32)
—9 —
_ 5Rp —2aR, +¢
o —a?
S o 2
_ 1 0 (Rp B E)
0 0 —a?

12T, see this, note that since V' is positive definite, so is VL. Therefore, the quadratic
form (ocR - ge) V-1 (aR - ge) = a?c —2a2%c +¢25 = ¢ (§(5 - az) is positive. But since
¢ = RV~1R is a positive quadratic form, then (§5 - a2) must also be positive.
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mv D

Figure 2.3: Frontier Portfolios

where the second line in equation (2.32) results from substituting in the def-
initions of @ and b and simplifying the resulting expression. Equation (2.32)
is a parabola in Uf,, Rp space and is graphed in Figure 2.3. From the third
line in equation (2.32), it is obvious that the unique minimum is at the point
R, = Ry = %, which corresponds to a global minimum variance of 62, = %.
Substituting R, = ¢ into equation (2.30) shows that this minimum variance
portfolio has weights w,, = %V‘le.

Each point on the parabola in Figure 2.3 represents an investor’s lowest possi-
ble portfolio variance, given some target level of expected return, ﬁp. However,
an investor whose utility is increasing in expected portfolio return and is de-
creasing in portfolio variance would never choose a portfolio having Rp < Ry,
that is, points on the parabola to the left of R,,,. This is because the frontier
portfolio’s variance actually increases as the target expected return falls when
Rp < Ry, making this target expected return region irrelevant to an optimiz-
ing investor. Hence, the efficient portfolio frontier is represented only by the

region Ep > Row-

.pdf
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Figure 2.4: Efficient Frontier

Traditionally, portfolios satisfying (2.32) are graphed in o, R, space. Tak-
ing the square root of both sides of equation (2.32), o, becomes a hyperbolic
function of R,. When this is graphed as in Figure 2.4 with R, on the vertical
axis and o, on the horizontal one, only the upper arc of the hyperbola is relevant
because, as just stated, investors would not choose target levels of R, < Ryy.
Differentiating (2.32), we can also see that the hyperbola’s slope equals

OR, G0 — a?

= — o (2.33)
0oy 6(Ry—%) "

The upper arc asymptotes to the straight line R, = Ry, + 1/ g‘sg"‘Q op, while the

lower arc, representing inefficient frontier portfolios, asymptotes to the straight
line Ry = Ry — 1/ §§ga2 opt3

13To see that the slope of the hyperbola asymptotes to a magnitude of /(6 — a?2) /4§, use

(2.32) to substitute for (Rp — ) in (2.33) to obtain dRp/dop = £1/(c6 — a?)/(/6 — 1/02.

Taking the limit of this expression as o — oo gives the desired result.
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2.3.3 Portfolio Separation

We now state and prove a fundamental result:

Every portfolio on the mean-variance frontier can be replicated
by a combination of any two frontier portfolios; and an individual
will be indifferent between choosing among the n financial assets, or

choosing a combination of just two frontier portfolios.

This remarkable finding has an immediate practical implication. If all in-
vestors have the same beliefs regarding the distribution of asset returns, namely,
returns are distributed NV (E, V) and, therefore, the frontier is (2.32), then they
can form their individually preferred frontier portfolios by trading in as little as
two frontier portfolios. For example, if a security market offered two mutual
funds, each invested in a different frontier portfolio, any mean-variance investor
could replicate his optimal portfolio by appropriately dividing his wealth be-
tween only these two mutual funds.!

The proof of this separation result is as follows. Let Rlp and R2p be the
expected returns on any two distinct frontier portfolios. Let R3p be the expected
return on a third frontier portfolio. Now consider investing a proportion of
wealth, z, in the first frontier portfolio and the remainder, (1 — z), in the
second frontier portfolio. Clearly, a value for x can be found that makes the
expected return on this “composite” portfolio equal to that of the third frontier
portfolio:!®

Ry

o, =zR, + (1 —1)R,, (2.34)

14To form his preferred frontier portfolio, an investor may require a short position in one
of the frontier mutual funds. Since short positions are not possible with typical open-ended
mutual funds, the better analogy would be that these funds are exchange-traded funds (ETFs)
which do permit short positions.

152 may be any positive or negative number.
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In addition, because portfolios 1 and 2 are frontier portfolios, we can write their
portfolio proportions as a linear function of their expected returns. Specifically,
we have w! = a+bR1p and w? = a—i—bRZP where w’ is the n x 1 vector of optimal
portfolio weights for frontier portfolio . Now create a new portfolio with an nx 1
vector of portfolio weights given by zw? 4+ (1 — z)w?. The portfolio proportions

of this new portfolio can be written as

aw' + (1 —z)w® = z(a+bRy,)+ (1—z)(a+bRy,) (2.35)

= a+ b(lep +(1- :L‘)Rzp)

a+ bR3p =w?

where, in the last line of (2.35), we have substituted in equation (2.34). Based
on the portfolio weights of the composite portfolio, zw! + (1 — z)w?, equaling
a+ bR3p, which represents the portfolio weights of the third frontier portfolio,
w3, this composite portfolio equals the third frontier portfolio. Hence, any given

efficient portfolio can be replicated by two frontier portfolios.

Portfolios on the mean-variance frontier have an additional property that will
prove useful to the next section’s analysis of portfolio choice when a riskless asset
exists and also to understanding equilibrium asset pricing in Chapter 3. Except
for the global minimum variance portfolio, w,,,, for each frontier portfolio one
can find another frontier portfolio with which its returns have zero covariance.
That is, one can find pairs of frontier portfolios whose returns are orthogonal.

To show this, note that the covariance between two frontier portfolios, w! and
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w2, is

wVw? = (a+bR1,)'V(a+bRay) (2.36)
1 1) — ay\ (= @
- g—i_gdfoﬂ (Rlp_g) (R2p_3)

Setting this equal to zero and solving for Egp, the expected return on the port-

folio that has zero covariance with portfolio w! is

_ o ¢ — a2
R P b S 2.37
i g &2 (Rlp - %) ( )
_ R, <6 — a?

6% (Rip — Rono)

Note that if (Elp — Rmv) > 0 so that frontier portfolio w! is efficient, then
equation (2.37) indicates that Rzp < Ry, implying that frontier portfolio w?
must be inefficient. = We can determine the relative locations of these zero
covariance portfolios by noting that in o,, R, space, a line tangent to the
frontier at the point (o1,, R1p) is of the form

oF,

R, = Ro+ U
P 0+60p

(2.38)

op=c1p 0P

R,

where 3 _
Op |“P=%1p

denotes the slope of the hyperbola at point (alp,ﬁlp) and
Ry denotes the tangent line’s intercept at o, = 0. Using (2.33) and (2.32), we

can solve for Ry by evaluating (2.38) at the point (o1, R1p):

— oR, — ¢d —a?

RO = Rlp — 87 op=01p O1p = Rlp — mglpalp (239)
p P 5
- R, —a® |1 5(Rlp_%)2
T SRy - 2) |0 a2

a ¢ — a?
o 4 (Rlp - %)

= R2p
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Figure 2.5: Frontier Portfolios with Zero Covariance

Hence, as shown in Figure 2.5, the intercept of the line tangent to frontier port-
folio w! equals the expected return of its zero-covariance counterpart, frontier

portfolio w2.

2.4 The Efficient Frontier with a Riskless Asset

Thus far, we have assumed that investors can hold only risky assets. An implica-
tion of our analysis was that while all investors would choose efficient portfolios
of risky assets, these portfolios would differ based on the particular investor’s
level of risk aversion. However, as we shall now see, introducing a riskless asset
can simplify the investor’s portfolio choice problem. This augmented portfolio

choice problem, whose solution was first derived by James Tobin (Tobin 1958),
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is one that we now consider.'6

Assume that there is a riskless asset with return Ry. Let w continue to
be the n x 1 vector of portfolio proportions invested in the risky assets. Now,
however, the constraint w’e = 1 does not apply, because 1 — w’e is the portfolio
proportion invested in the riskless asset. We can impose the restriction that the
portfolio weights for all n + 1 assets sum to one by writing the expected return

on the portfolio as

R, = Ry +w'(R — Rye) (2.40)

The variance of the return on the portfolio continues to be given by w’Vw. Thus,

the individual’s optimization problem is changed to:

minjw'Vw + A{R, — [R; + w'(R — Rye)] } (2.41)

In a manner similar to the previous derivation, the first order conditions lead

to the solution

w* = AV"HR - Rye) (2.42)

Ep — Ry _ Ep — Ry
(R—Rse)' V-1 (R — Rpe) < —2aRy+0R}

tive definite, A is non-negative when R, > Ry, the region of the efficient frontier

where \ = Since V1 is posi-
where investors’ expected portfolio return is at least as great as the risk-free
return. Given (2.42), the amount optimally invested in the riskless asset is de-
termined by 1 — e’w*. Note that since A is linear in Ep, S0 is w*, similar to the
previous case of no riskless asset. The variance of the portfolio now takes the

form

16Tobin’s work on portfolio selection was one of his contributions cited by the selection
committee that awarded him the Nobel prize in economics in 1981.
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2 */ * (Ep - Rf)2
= Vw = ——————— 2.43
Tr T Y T %aR, + 6R2 243)
Taking the square root of each side of (2.43) and rearranging:
_ 1
R, = Ry + (¢ —2aR; 4+ 6R})" oy (2.44)

which indicates that the frontier is linear in o,, R, space. Corresponding to
the hyperbola for the no-riskless-asset case, the frontier when a riskless asset
is included becomes two straight lines, each with an intercept of R but one
having a positive slope of (g —2aRy —|—(5Rfc)%7 the other having a negative
slope of — (g —2aR; + 6R?) %. Of course, only the positively sloped line is the
efficient portion of the frontier.

Since w* is linear in Rp, the previous section’s separation result continues

to hold: any portfolio on the frontier can be replicated by two other frontier

portfolios. However, when Ry # R, = § holds, an even stronger separation

principle obtains.!”

In this case, any portfolio on the linear efficient frontier
can be replicated by two particular portfolios: one portfolio that is located on
the "risky asset only" frontier and another portfolio that holds only the riskless
asset.

Let us start by proving this result for the situation where Ry < R,,,. We as-
sert that the efficient frontier given by the line R, = R+ (g —2aR; + 6]«2?) z Op
can be replicated by a portfolio consisting of only the riskless asset and a portfo-
lio on the risky-asset-only frontier that is determined by a straight line tangent

to this frontier whose intercept is Ry. This situation is illustrated in Figure 2.6

where w? denotes the portfolio of risky assets determined by the tangent line

1"We continue to let Ry, denote the expected return on the minimum variance portfolio
that holds only risky assets. Of course, with a riskless asset, the minimum variance portfolio
would be one that holds only the riskless asset.
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Figure 2.6: Efficient Frontier with a Riskless Asset

having intercept Ry. If we can show that the slope of this tangent line equals
(§ —2aRs + 5Rfc>%, then our assertion is proved.'® Let R4 and o4 be the
expected return and standard deviation of return, respectively, on this tangency
portfolio. Then the results of (2.37) and (2.39) allow us to write the slope of

the tangent as

R4 — Ry « ¢§ — a?
e L R L 2.45
oA J 82 (Rf — %) r|/oa ( )
2Ry — < — 6Rfc
= T s (p._ a\ /UA
5 (Ry— %)

Furthermore, we can use (2.32) and (2.37) to write

18Note that if a proportion x is invested in any risky asset portfolio having expected return
and standard deviation of R4and o 4, respectively, and a proportion 1  z is invested in the
riskless asset having certain return Ry, then the combined portfolio has an expected return
and standard deviation of R, = Ry + « (Ra — Ry) and op = zo 4, respectively. When
graphed in Ep,ap space, we can substitute for = to show that these combination portfolios
Ra—Ry

are represented by the straight line R, = Ry + ”

op whose intercept is Ry.
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o (Ra—%)"
¢d — a?
¢ — a2
6* (Ry—9)°
SR% —2aR; +
6% (Ry— )

+ (2.46)

1
5
1
5

Substituting the square root of (2.46) into (2.45) gives!'?

QOLRf -G — 5R?c
5 (Ry—%)

—0(Ry — %)
(53 — 2aR; +)

EA—Rf
gA

(2.47)

D=

Nl

(0R7 — 2aR; +<)

which is the desired result.

This result is an important simplification. If all investors agree on the
distribution of asset returns (returns are distributed N (E, V)), then they all
consider the linear efficient frontier to be R, = Ry + (§ —2aR; + §R?>% Op
and all will choose to hold risky assets in the same relative proportions given by
the tangency portfolio w?. Investors differ only in the amount of wealth they
choose to allocate to this portfolio of risky assets versus the risk-free asset.

Along the efficient frontier depicted in Figure 2.7, the proportion of an in-
vestor’s total wealth held in the tangency portfolio, elw™*, increases as one moves
to the right. At point (Up,ﬁp) = (0, Ry), ew* = 0 and all wealth is invested
in the risk-free asset. In between points (0, Ry) and (04, R4), which would

be the case if, say, investor 1 had an indifference curve tangent to the efficient

frontier at point (01, Epl), then 0 < ew* < 1 and positive proportions of wealth

19Because it is assumed that Ry < %, the square root of (2.46) has an opposite sign in
order for o 4 to be positive.
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Figure 2.7: Investor Portfolio Choice

are invested in the risk-free asset and the tangency portfolio of risky assets. At
point (JA,RA), ew* = 1 and all wealth is invested in risky assets and none in
the risk-free asset. Finally, to the right of this point, which would be the case
if, say, investor 2 had an indifference curve tangent to the efficient frontier at
point (O—Q,Epz), then ew* > 1. This implies a negative proportion of wealth in
the risk-free asset. The interpretation is that investor 2 borrows at the risk-free
rate to invest more than 100 percent of her wealth in the tangency portfolio of
risky assets. In practical terms, such an investor could be viewed as buying
risky assets “on margin,” that is, leveraging her asset purchases with borrowed

money.

It will later be argued that Ry < Ry, the situation depicted in Figures
2.6 and 2.7, is required for asset market equilibrium. However, we briefly
describe the implications of other parametric cases. When Ry > R,,,, the

1

efficient frontier of R, = Ry + (g —2aRy + 6R?c) : o, is always above the risky-
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asset-only frontier. Along this efficient frontier, the investor short-sells the
tangency portfolio of risky assets. This portfolio is located on the inefficient
portion of the risky-asset-only frontier at the point where the line Rp =Ry —
('; — 2Ry + 5Rfc)% op becomes tangent. The proceeds from this short-selling
are then wholly invested in the risk-free asset. Lastly, when Ry = R,,,, the
portfolio frontier is given by the asymptotes illustrated in Figure 2.4. It is
straightforward to show that ew® = 0 for this case, so that total wealth is
invested in the risk-free asset. However, the investor also holds a risky, but
zero net wealth, position in risky assets. In other words, the proceeds from

short-selling particular risky assets are used to finance long positions in other

risky assets.

2.4.1 An Example with Negative Exponential Utility

To illustrate our results, let us specify a form for an individual’s utility function.
This enables us to determine the individual’s preferred efficient portfolio, that
is, the point of tangency between the individual’s highest indifference curve and
the efficient frontier. Given a specific utility function and normally distributed
asset returns, we show how the individual’s optimal portfolio weights can be

derived directly by maximizing expected utility.

As before, let W be the individual’s end-of-period wealth and assume that

she maximizes expected negative exponential utility:

UW) = —e W (2.48)

where b is the individual’s coefficient of absolute risk aversion. Now define
b, = bWy, which is the individual’s coefficient of relative risk aversion at initial

wealth ). Equation (2.48) can be rewritten:
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UW) = —e 0rW/Wo = _e=brRy (2.49)

where R, is the total return (one plus the rate of return) on the portfolio.

In this problem, we assume that initial wealth can be invested in a riskless
asset and n risky assets. As before, denote the return on the riskless asset as
Ry and the returns on the n risky assets as the n x 1 vector R. Also as before,
let w = (w1 ...wy)" be the vector of portfolio weights for the n risky assets. The
risky assets’ returns are assumed to have a joint normal distribution where R
is the n x 1 vector of expected returns on the n risky assets and V is the n x n
covariance matrix of returns. Thus, the expected return on the portfolio can be

written R, = Ry+ w'(R — Rye) and the variance of the return on the portfolio

Now recall the properties of the lognormal distribution. If Z is a normally
distributed random variable, for example, Z ~ N (i, 02), then Z = e is lognor-

mally distributed. The expected value of Z is

E[3] = ett3o” (2.50)

From (2.49), we see that if R, = Ry +w'(R— Rye) is normally distributed, then
U (W) is lognormally distributed. Using equation (2.50), we have

E [U (W)} — o br[Ryt (R-Rpe)| 43070 Ve (2.51)

The individual chooses portfolio weights by maximizing expected utility:

m‘?xE [U (Wﬂ = max o br[Ri+w (R=Rye) |+ 47w Ve (2.52)

Because the expected utility function is monotonic in its exponent, the maxi-
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mization problem in (2.52) is equivalent to

max w' (R — Rye) — $b,w'Vw (2.53)

The n first-order conditions are

R—Rje—b.Vw=0 (2.54)

Solving for w, we obtain

1 _
w* = b—V‘l(R — Rye) (2.55)

r

Thus, we see that the individual’s optimal portfolio choice depends on b,.,
her coefficient of relative risk aversion, and the expected returns and covariances
of the assets. Comparing (2.55) to (2.42), note that

1 R, — Ry

b N R Ry VAR Rye) (2.56)

so that the greater the investor’s relative risk aversion, b,, the smaller is her
target mean portfolio return, ﬁp, and the smaller is the proportion of wealth
invested in the risky assets. In fact, multiplying both sides of (2.55) by Wy, we

see that the absolute amount of wealth invested in the risky assets is

1 _
Wow* = gV—l(R — Rye) (2.57)

Therefore, the individual with constant absolute risk aversion, b, invests a fixed
dollar amount in the risky assets, independent of her initial wealth. As wealth
increases, each additional dollar is invested in the risk-free asset. Recall that
this same result was derived at the end of Chapter 1 for the special case of a

single risky asset.
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As in this example, constant absolute risk aversion’s property of making risky
asset choice independent of wealth often allows for simple solutions to portfolio
choice problems when asset returns are assumed to be normally distributed.
However, the unrealistic implication that both wealthy and poor investors invest
the same dollar amount in risky assets limits the empirical applications of using
this form of utility. As we shall see in later chapters of this book, models where

utility displays constant relative risk aversion are more typical.

2.5 An Application to Cross-Hedging

The following application of mean-variance analysis is based on Anderson and
Danthine (Anderson and Danthine 1981). Consider a one-period model of an
individual or institution that is required to buy or sell a commodity in the
future and would like to hedge the risk of such a transaction by taking positions
in futures (or other financial securities) markets. Assume that this financial
operator is committed at the beginning of the period, date 0, to buy y units of
a risky commodity at the end of the period, date 1, at the then prevailing spot
price p;. For example, a commitment to buy could arise if the commodity is

20 Conversely, y < 0

a necessary input in the operator’s production process.
represents a commitment to sell —y units of a commodity, which could be due to
the operator producing a commodity that is nonstorable.?! What is important
is that, as of date 0, y is deterministic, while p; is stochastic.

There are n financial securities (for example, futures contracts) in the econ-
omy. Denote the date 0 price of the i*" financial security as pj,. Its date 1
price is p7;, which is uncertain as of date 0. Let s; denote the amount of the

i'" security purchased at date 0. Thus, s; < 0 indicates a short position in the

20 An example of this case would be a utility that generates electricity from oil.
21For example, the operator could be a producer of an agricultural good, such as corn,
wheat, or soybeans.
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security.

Define the n x 1 quantity and price vectors s = [s1... sn]', p§ = [Pig - P20l s
and p§ = [p§; ...p51] . Also define p* = p§ —p§ as the nx 1 vector of security price
changes. This is the profit at date 1 from having taken unit long positions in
each of the securities (futures contracts) at date 0, so that the operator’s profit
from its security position is p*s. Also define the first and second moments of
the date 1 prices of the spot commodity and the financial securities: E[p;] = p1,
Var[pi] = ogo, E[pi] = pi, E[p°] = p*, Cov[p;,,pji] = 0ij, Covlpy,pji] = o0,
and the (n+1) x (n+1) covariance matrix of the spot commodity and financial

securities is

o b
z=| 0 (2.58)

!
Z:01 Y
where X171 is an n X n matrix whose i,jth element is o;;, and Xp; isa 1 x n
vector whose it" element is og;.

For simplicity, let us assume that y is fixed and, therefore, is not a deci-
sion variable at date 0. Then the end-of-period profit (wealth) of the financial

operator, W is given by

W =p"s —p1y (2.59)

What the operator must decide is the date 0 positions in the financial securi-
ties. We assume that the operator chooses s in order to maximize the following

objective function that depends linearly on the mean and variance of profit:

maxE[W] — LaVar[W] (2.60)

S

As was shown in the previous section’s equation (2.53), this objective func-
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tion results from maximizing expected utility of wealth when portfolio returns

are normally distributed and utility displays constant absolute risk aversion.??

Substituting in for the operator’s profit, we have

max p*'s — Py — s [y2000 + s'S11s — 2y%015] (2.61)

The first-order conditions are

P —aXus—ySy] =0 (2.62)

Thus, the optimal positions in financial securities are

1o, -
s = aznlp + S 0, (2.63)
1o —s s —
= 52111 (@} — p5) + yS11 Sy

Let us first consider the case of y = 0. This can be viewed as the situation
faced by a pure speculator, by which we mean a trader who has no requirement to
hedge. If n =1 and p§ > p§, the speculator takes a long position in (purchases)
the security, while if p; < p§, the speculator takes a short position in (sells)
the security. The magnitude of the position is tempered by the volatility of the
security (27" = 1/011), and the speculator’s level of risk aversion, . However,
for the general case of n > 1, an expected price decline or rise is not sufficient

to determine whether a speculator takes a long or short position in a particular

security. All of the elements in Zﬁl need to be considered, since a position in

22Similar to the previous derivation, the objective function (2.60) can be derived from an
expected utility function of the form E[U (W)] = —exp[—aW] where « is the operator’s
coefficient of absolute risk aversion. Unlike the previous example, here the objective function
is written in terms of total profit (wealth), not portfolio returns per unit wealth. Also,
risky asset holdings, s, are in terms of absolute amounts purchased, not portfolio proportions.
Hence, « is the coefficient of absolute risk aversion, not relative risk aversion.
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a given security may have particular diversification benefits.

For the general case of y # 0, the situation faced by a hedger, the demand for
financial securities is similar to that of a pure speculator in that it also depends
on price expectations. In addition, there are hedging components to the demand

for financial assets, call them s” :

sh = y2 e, (2.64)

This is the solution to the problem msin Var(W). Thus, even for a hedger,
it is never optimal to minimize volatility (risk) unless risk aversion is infinitely
large. Even a risk-averse, expected-utility-maximizing hedger should behave
somewhat like a speculator in that securities’ expected returns matter. From
definition (2.64), note that when n = 1 the pure hedging demand per unit of

the commodity purchased, s”/y, simplifies to?

st _ Covlpr.pi) (2.65)

y  Var(p)
For the general case, n > 1, the elements of the vector £1;'%5, equal the coeffi-

cients 3, ..., 3,, in the multiple regression model:

Apy = Bo + B1Ap] + B2Aps + ... + B,Ap,, + € (2.66)

where Ap; = p1 — po, Ap] = pj; — Dy, ¢ = 1,...,n, and ¢ is a mean-zero error
term. An implication of (2.66) is that an operator might estimate the hedge
ratios, s" /y, by performing a statistical regression using a historical times series
of the n x 1 vector of security price changes. In fact, this is a standard way that

practitioners calculate hedge ratios.

23 Note that if the correlation between the commodity price and the financial security return
were equal to 1, so that a perfect hedge exists, then (2.65) becomes s’ /y = V000/+/011; that
is, the hedge ratio equals the ratio of the commodity price’s standard deviation to that of the
security price.
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2.6 Summary

When the returns on individual assets are multivariate normally distributed,
a risk-averse investor optimally chooses among a set of mean-variance efficient
portfolios. Such portfolios make best use of the benefits of diversification by
providing the highest mean portfolio return for a given portfolio variance. The
particular efficient portfolio chosen by a given investor depends on her level of
risk aversion. However, the ability to trade in only two efficient portfolios is
sufficient to satisfy all investors, because any efficient portfolio can be created
from any other two. When a riskless asset exists, the set of efficient portfo-
lios has the characteristic that the portfolios’ mean returns are linear in their
portfolio variances. In such a case, a more risk-averse investor optimally holds
a positive amount of the riskless asset and a positive amount of a particular
risky-asset portfolio, while a less risk-averse investor optimally borrows at the
riskless rate to purchase the same risky-asset portfolio in an amount exceeding
his wealth.

This chapter provided insights on how individuals should optimally allocate
their wealth among various assets. Taking the distribution of returns for all
available assets as given, we determined any individual’s portfolio demands for
these assets. Having now derived a theory of investor asset demands, the next
chapter will consider the equilibrium asset pricing implications of this investor

behavior.

2.7 Exercises

1. Prove that the indifference curves graphed in Figure 2.1 are convex if
the utility function is concave. Hint: suppose there are two portfolios,

portfolios 1 and 2, that lie on the same indifference curve, where this



2.7. EXERCISES 73

indifference curve has expected utility of U. Let the mean returns on
portfolios 1 and 2 be Rlp and Rzp, respectively, and let the standard
deviations of returns on portfolios 1 and 2 be o1, and oy, respectively.
Consider a third portfolio located in (Ep,ap) space that happens to be
on a straight line between portfolios 1 and 2, that is, a portfolio having
a mean and standard deviation satisfying Rgp = :chp +(1—2) Rzp and
o3p = xo1p + (1 — x) 09, where 0 < < 1. Prove that the indifference
curve is convex by showing that the expected utility of portfolio 3 exceeds
U. Do this by showing that the utility of portfolio 3 exceeds the convex
combination of utilities for portfolios 1 and 2 for each standardized normal
realization. Then integrate over all realizations to show this inequality

holds for expected utilities.

2. Show that the covariance between the return on the minimum variance
portfolio and the return on any other portfolio equals the variance of the
return on the minimum variance portfolio. Hint: write down the variance
of a portfolio that consists of a proportion x invested in the minimum
variance portfolio and a proportion (1 — z) invested in any other portfolio.

Then minimize the variance of this composite portfolio with respect to x.

3. Show how to derive the solution for the optimal portfolio weights for a

frontier portfolio when there exists a riskless asset, that is, equation (2.42)
given by w* = AV} (R — Rye) where A = — Rf} — Rf_ =
(R - Rfe) V_l(R - Rfe)

R,—R
p—fQ. The derivation is similar to the case with no riskless
¢ —2aRy + 0R 7
asset.

4. Show that when Ry = R,,,, the optimal portfolio involves ew* = 0.

5. Consider the mean-variance analysis covered in this chapter where there

are n risky assets whose returns are jointly normally distributed. Assume
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that investors differ with regard to their (concave) utility functions and
their initial wealths. Also assume that investors can lend at the risk-free
rate, Ry < Ry, but investors are restricted from risk-free borrowing; that

is, no risk-free borrowing is permitted.

a. Given this risk-free borrowing restriction, graphically show the efficient
frontier for these investors in expected portfolio return-standard deviation

space (Ry,0p).

b. Explain why only three portfolios are needed to construct this efficient
frontier, and locate these three portfolios on your graph. (Note that these

portfolios may not be unique.)

c. At least one of these portfolios will sometimes need to be sold short
to generate the entire efficient frontier. Which portfolio(s) is it (label it
on the graph) and in what range(s) of the efficient frontier will it be sold

short? Explain.

. Suppose there are n risky assets whose returns are multi-variate normally

distributed. Denote their n x 1 vector of expected returns as R and their
n X n covariance matrix as V. Let there also be a riskless asset with return
R¢. Let portfolio a be on the mean-variance efficient frontier and have an
expected return and standard deviation of R, and o,, respectively. Let
portfolio b be any other (not necessarily efficient) portfolio having expected
return and standard deviation R, and oy, respectively. Show that the
correlation between portfolios a and b equals portfolio b’s Sharpe ratio di-
vided by portfolio a’s Sharpe ratio, where portfolio ¢’s Sharpe ratio equals
(R; — Ry) /o;. (Hint: write the correlation as Cov (Rq, Rp) / (540), and

derive this covariance using the properties of portfolio efficiency.)

7. A corn grower has utility of wealth given by U (W) = —e~ %" where a
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> 0. This farmer’s wealth depends on the total revenue from the sale of
corn at harvest time. Total revenue is a random variable s = ¢p, where
q is the number of bushels of corn harvested and p is the spot price, net
of harvesting costs, of a bushel of corn at harvest time. The farmer can
enter into a corn futures contract having a current price of fy and a random
price at harvest time of ]""v If k£ is the number of short positions in this
futures contract taken by the farmer, then the farmer’s wealth at harvest
time is given by W = 5 — k (ff f0>. If SN (5,02), N (?, J?), and
Cov (5, f) = po 0 ¢, then solve for the optimal number of futures contract

short positions, k, that the farmer should take.

8. Consider the standard Markowitz mean-variance portfolio choice problem
where there are n risky assets and a risk-free asset. The risky assets’
nx 1 vector of returns, E, has a multivariate normal distribution N (ﬁ, V),
where R is the assets’ n x 1 vector of expected returns and V is a non-
singular n X n covariance matrix. The risk-free asset’s return is given
by Ry > 0. As usual, assume no labor income so that the individual’s
end-of-period wealth depends only on her portfolio return; that is, W=
Woﬁp, where the portfolio return is Ep = Ry +u (R'f Rfe) where
w is an n X 1 vector of portfolio weights for the risky assets and e is
an n X 1 vector of 1s. Recall that we solved for the optimal portfolio
weights, w* for the case of an individual with expected utility displaying
constant absolute risk aversion, E {U (W)] =F [—e*bw] . Now, in
this problem, consider the different case of an individual with expected
utility displaying constant relative risk aversion, F [U (W)} =F [%/VIV/'V}
where v < 1. What is w* for this constant relative-risk-aversion case?
Hint: recall the efficient frontier and consider the range of the probability

distribution of the tangency portfolio. Also consider what would be the
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individual’s marginal utility should end-of-period wealth be nonpositive.

This marginal utility will restrict the individual’s optimal portfolio choice.



Chapter 3

CAPM, Arbitrage, and

Linear Factor Models

In this chapter, we analyze the asset pricing implications of the previous chap-
ter’s mean-variance portfolio analysis. From one perspective, the Markowitz-
Tobin portfolio selection rules form a normative theory instructing how an indi-
vidual investor can best allocate wealth among various assets. However, these
selection rules also could be interpreted as a positive or descriptive theory of
how an investor actually behaves. If this latter view is taken, then a logi-
cal extension of portfolio selection theory is to consider the equilibrium asset
pricing consequences of investors’ individually rational actions. The portfolio
choices of individual investors represent their particular demands for assets. By
aggregating these investor demands and equating them to asset supplies, equi-
librium asset prices can be determined. In this way, portfolio choice theory
can provide a foundation for an asset pricing model. Indeed, such a model, the

Capital Asset Pricing Model (CAPM), was derived at about the same time by

7
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four individuals: Jack Treynor, William Sharpe, John Lintner, and Jan Mossin.'

CAPM has influenced financial practice in highly diverse ways. It has provided
foundations for capital budgeting rules, for the regulation of utilities’ rates of
return, for performance evaluation of money managers, and for the creation of

indexed mutual funds.

This chapter starts by deriving the CAPM and studying its consequences
for assets’ rates of return. The notion that investors might require higher
rates of return for some types of risks but not others is an important insight of
CAPM and extends to other asset pricing models. CAPM predicts that assets’
risk premia result from a single risk factor, the returns on the market portfolio
of all risky assets which, in equilibrium, is a mean-variance efficient portfolio.
However, it is not hard to imagine that a weakening of CAPM’s restrictive
assumptions could generate risk premia deriving from multiple factors. Hence,
we then consider how assets’ risk premia may be related when multiple risk
factors generate assets’ returns. We derive this relationship, not based on a
model of investor preferences as was done in deriving CAPM, but based on
the concept that competitive and efficient securities markets should not permit

arbitrage.

As a prelude to considering a multifactor asset pricing model, we define
and give examples of arbitrage. Arbitrage pricing is the primary technique
for valuing one asset in terms of another. It is the basis of so-called relative
pricing models, contingent claims models, or derivative pricing models. We look
at some simple applications of arbitrage pricing and then study the multifactor
Arbitrage Pricing Theory (APT) developed by Stephen Ross (Ross 1976). APT

is the basis of the most popular empirical multifactor models of asset pricing.

IWilliam Sharpe, a student of Harry Markowitz, shared the 1990 Nobel prize with
Markowitz and Merton Miller.  See (Treynor 1961), (Sharpe 1964), (Lintner 1965), and
(Mossin 1966).
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3.1 The Capital Asset Pricing Model

In Chapter 2, we proved that if investors maximize expected utility that de-
pends only on the expected return and variance of end-of-period wealth, then
no matter what their particular levels of risk aversion, they would be interested
only in portfolios on the efficient frontier. This mean-variance efficient frontier
was the solution to the problem of computing portfolio weights that would max-
imize a portfolio’s expected return for a given portfolio standard deviation or,
alternatively, minimizing a portfolio’s standard deviation for a given expected
portfolio return. The point on this efficient frontier ultimately selected by a
given investor was that combination of expected portfolio return and portfolio
standard deviation that maximized the particular investor’s expected utility.
For the case of n risky assets and a risk-free asset, the optimal portfolio weights

for the n risky assets were shown to be

w* = AV~ (R — Rye) (3.1)

R, — R,
¢ —2aRy + 5R?c ’
e¢'V~le. The amount invested in the risk-free asset is then 1 —e’w*. Since \ is a

where A = a=RVle=¢eVIR ¢=RV™IR, and § =
scalar quantity that is linear in R,,, which is the individual investor’s equilibrium
portfolio expected return, the weights in equation (3.1) are also linear in Rp.
R, is determined by where the particular investor’s indifference curve is tangent
to the efficient frontier. Thus, because differences in R, just affect the scalar,
A, we see that all investors, no matter what their degree of risk aversion, choose
to hold the risky assets in the same relative proportions.

Mathematically, we showed that the efficient frontier is given by

B, - R;

(s —20R; + R}

(3.2)

O'p:

[N
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Efficient Frontier—

E o ‘Rm -R 13
P R,=R+ U—mcrp
2] "
K Frontier with only
: Risky Assets
R,
c, O, o,

Figure 3.1: Capital Market Equilibrium

which, as illustrated in Figure 3.1, is linear when plotted in o, R, space.

3.1.1 Characteristics of the Tangency Portfolio

The efficient frontier, given by the line through R; and w™, implies that in-
vestors optimally choose to hold combinations of the risk-free asset and the
efficient frontier portfolio of risky assets having portfolio weights w™. We can
easily solve for this unique “tangency” portfolio of risky assets since it is the
point where an investor would have a zero position in the risk-free asset; that
is, €w* =1, or R, = R'w*. Pre-multiplying (3.1) by €/, setting the result to 1,

and solving for A, we obtain A = m = [a — §R] ™, so that

W™ =mV "R~ Rye) (3.3)
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Let us now investigate the relationship between this tangency portfolio and
individual assets. Consider the covariance between the tangency portfolio and
the individual risky assets. Define o, as the n x 1 vector of covariances of the

tangency portfolio with each of the n risky assets. Then using (3.3) we see that

oy = Vw™ =m(R — Rye) (3.4)

Note that the variance of the tangency portfolio is simply o2, = w™Vw™.

Accordingly, if we then pre-multiply equation (3.4) by w™’, we obtain

3[\’)

o2, = WMoy =mw™ (R - Rye) (3.5)

= m(Ry — Ry)

where R,, = w™R is the expected return on the tangency portfolio.? Rear-

ranging (3.4) and substituting in for m from (3.5), we have

= 1 oM, = _
(R~ Rye) = —ou = 5 (Ru — By) = B(Run — Ry) (36)

CO'U(R,,L ,Iféb)

where 3 = Z4 is the n x 1 vector whose it" element is Var(ho)
m m

. Equation
(3.6) shows that a simple relationship links the excess expected return (expected

return in excess of the risk-free rate) on the tangency portfolio, (R,, — Ry), to

the excess expected returns on the individual risky assets, (R — R re).

2Note that the elements of w™ sum to 1 since the tangency portfolio has zero weight in
the risk-free asset.
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3.1.2 Market Equilibrium

Now suppose that individual investors, each taking the set of individual assets’
expected returns and covariances as fixed (exogenous), all choose mean-variance
efficient portfolios. Thus, each investor decides to allocate his or her wealth be-
tween the risk-free asset and the unique tangency portfolio. Because individual
investors demand the risky assets in the same relative proportions, we know
that the aggregate demands for the risky assets will have the same relative pro-
portions, namely, those of the tangency portfolio. Recall that our derivation of
this result does not assume a “representative” investor in the sense of requiring
all investors to have identical utility functions or beginning-of-period wealth.
It does assume that investors have identical beliefs regarding the probability
distribution of asset returns, that all risky assets can be traded, that there are
no indivisibilities in asset holdings, and that there are no limits on borrowing
or lending at the risk-free rate.

We can now define an equilibrium as a situation where asset returns are such
that the investors’ demands for the assets equal the assets’ supplies. What
determines the assets’ supplies? One way to model asset supplies is to assume
they are fixed. For example, the economy could be characterized by a fixed
quantity of physical assets that produce random output at the end of the period.
Such an economy is often referred to as an endowment economy, and we detail a
model of this type in Chapter 6. In this case, equilibrium occurs by adjustment
of the date 0 assets’ prices so that investors’ demands conform to the inelastic
assets’ supplies. The change in the assets’ date 0 prices effectively adjusts the
assets’ return distributions to those which make the tangency portfolio and the
net demand for the risk-free asset equal to the fixed supplies of these assets.

An alternative way to model asset supplies is to assume that the economy’s

asset return distributions are fixed but allow the quantities of these assets to be
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elastically supplied. This type of economy is known as a production economy,
and a model of it is presented in Chapter 13. Such a model assumes that
there are n risky, constant-returns-to-scale “technologies.” These technologies
require date 0 investments of physical capital and produce end-of-period physical
investment returns having a distribution with mean R and a covariance matrix
of V at the end of the period. Also, there could be a risk-free technology
that generates a one-period return on physical capital of Ry. In this case of a
fixed return distribution, supplies of the assets adjust to the demands for the
tangency portfolio and the risk-free asset determined by the technological return
distribution.

As it turns out, how one models asset supplies does not affect the results
that we now derive regarding the equilibrium relationship between asset returns.
We simply note that the tangency portfolio having weights w™ must be the
equilibrium portfolio of risky assets supplied in the market. Thus, equation (3.6)
can be interpreted as an equilibrium relationship between the excess expected
return on any asset and the excess expected return on the market portfolio. In
other words, in equilibrium, the tangency portfolio chosen by all investors must
be the market portfolio of all risky assets. Moreover, as mentioned earlier, the
only case for which investors have a long position in the tangency portfolio is
Ry < R,,,. Hence, for asset markets to clear, that is, for the outstanding stocks
of assets to be owned by investors, the situation depicted in Figure 3.1 can be
the only equilibrium efficient frontier.?

The Capital Asset Pricing Model’s prediction that the market portfolio is
mean-variance efficient is an important solution to the practical problem of

identifying a mean-variance efficient portfolio. As a theory, CAPM justifies the

3This presumes that the tangency portfolio is composed of long positions in the individual
risky assets; that is, w* > 0 for i = 1,...,n. While our derivation has not restricted the sign
of these portfolio weights, since assets must have nonnegative supplies, equilibrium market
clearing implies that assets’ prices or individuals’ choice of technologies must adjust (effectively
changing R and/or V) to make the portfolio demands for individual assets nonnegative.
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practice of investing in a broad market portfolio of stocks and bonds. This
insight has led to the growth of "indexed" mutual funds and exchange-traded
funds (ETFs) that hold market-weighted portfolios of stocks and bonds.

Let’s now look at some additional implications of CAPM when we consider
realized, rather than expected, asset returns. Note that asset i’s realized return,
Ri, can be defined as R; + ¥;, where ¥; is the unexpected component of the
asset’s return. Similarly, the realized return on the market portfolio, R,,, can
be defined as Ry, + ¥, where 7,y is the unexpected part of the market portfolio’s

return. Substituting these into (3.6), we have

EU:
Il

Ry + Bi(Rp — ' — Ry) + i (3.7)
= R;+B;(Rm—Ry)+ 0 — BV

= Ry +6.(Rm— Ry) +5

where €; = U; — 5,01,. Note that

Cov(Rpm,%) = Cov(Rpy, ;) — B;Cov(Rum, V) (3.8)
= CO’U(Rm, RZ) - /BiCOU(Rma Rm,)

= ,BiVar(f%m) - ﬁiVar(I:Em) =0

which, along with (3.7), implies that the total variance of risky asset i, 02, has
two components:

J? = ﬁfa?n + ofi (3.9)

where ﬁ?afn is proportional to the return variance of the market portfolios and

2

g

<, is the variance of &;, and it is orthogonal to the market portfolio’s return.
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Since equation (3.8) shows that 2; is the part of the return on risky asset ¢ that is

uncorrelated with the return on the market portfolio, this implies that equation
(3.7) represents a regression equation. In other words, an unbiased estimate
of B, can be obtained by running an Ordinary Least Squares regression of as-
set i’s excess return on the market portfolio’s excess return. The orthogonal,
mean-zero residual, €;, is sometimes referred to as idiosyncratic, unsystematic,
or diversifiable risk. This is the particular asset’s risk that is eliminated or di-
versified away when the asset is held in the market portfolio. Since this portion
of the asset’s risk can be eliminated by the individual who invests optimally,
there is no “price” or “risk premium” attached to it in the sense that the asset’s
equilibrium expected return is not altered by it.

To make clear what risk is priced, let us denote the covariance between

th

the return on the i*” asset and the return on the market portfolio as op;; =

C’ov(ﬁim, El), which is the i*" element of o5;. Also let p,,, be the correlation

th

between the return on the ¢** asset and the return on the market portfolio.

Then equation (3.6) can be rewritten as

R, —R; = %M (3.10)

(Rm — Rf)

m

= Pim0Ti

= pimUiSG

where S, = 7(}?";;3”

is the equilibrium excess return on the market portfolio
per unit of market risk and is known as the market Sharpe ratio, named after
William Sharpe, one of the developers of the CAPM. S, can be interpreted as
the market price of systematic or nondiversifiable risk. It is also referred to as

the slope of the capital market line, where the capital market line is defined as
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the eflicient frontier that connects the points Ry and w™ in Figure 3.1. Now if
we define w™ as the weight of asset i in the market portfolio and V; as the i‘"

row of covariance matrix V', then

ol 1 902 1 Ow™Vw™ 1 1 «
= = = 2V,w™ = Ma (3.1
ow" 204, 0w 20,  Owl %, w p— Jz::le oij )

where o;; is the i, %" element of V. Since R, = Zw;”f%j, then CO'U(RZ', Rm) =
=1

_ n ~ n
Cov(R;, Y wT'R;j) = > wi'o;;. Hence, (3.11) can be rewritten as
j=1 j=1

W = iCov(Ri,Rm) = PimTi (3.12)

Thus, p;,,0:; can be interpreted as the marginal increase in “market risk,”
Om, from a marginal increase of asset ¢ in the market portfolio. In this sense,
Pim0i is the quantity of asset i’s systematic or nondiversifiable risk. Equation
(3.10) shows that this quantity of systematic risk, multiplied by the price of
systematic risk, S., determines the asset’s required excess expected return, or
risk premium.

If a riskless asset does not exist so that all assets are risky, Fischer Black
(Black 1972) showed that a similar asset pricing relationship exists. Here, we
outline his zero-beta CAPM. Note that an implication of the portfolio separation
result of section 2.3.3 is that since every frontier portfolio can be written as
w = a + bR, a linear combination of these frontier portfolios is also a frontier
portfolio. Let W; be the proportion of the economy’s total wealth owned
by investor i, and let w® be this investor’s desired frontier portfolio so that
w® = a+bR;,. If there are a total of I investors, then the weights of the market

portfolio are given by
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I I
=1 i=1
I I

= a) Wi+bd WiRi,=a+bRy,
i=1 i=1
where R,, = Zle WiRZ—p and where the last equality of (3.13) uses the fact that
the sum of the proportions of total wealth must equal 1. Equation (3.13) shows
that the market portfolio, the aggregation of all individual investors’ portfolios,
is a frontier portfolio. Its expected return, R,,, is a weighted average of the
expected returns of the individual investors’ portfolios. Because each individual
investor optimally chooses a portfolio on the efficient portion of the frontier (the
upper arc in Figure 2.4), then the market portfolio, being a weighted average,

is also on the efficient frontier.

Now, let us compute the covariance between the market portfolio and any
arbitrary portfolio of risky assets, not necessarily a frontier portfolio. Let this
arbitrary risky-asset portfolio have weights w”, a random return of Eop, and an

expected return of Ry,. Then

Cov (Rm, Eop) = WV’ = (a+ me)/ Vw? (3.14)
= = !
_ <§V le—aVTIR SVIR—aV 16Rm) Vo
o —a? 0 —a?
VTV — aR'VTIVWO
B 0 —a?
+5RmR'V71VwO — aR,, eV 1vwo
6 — a?
S aﬁop + 5R7n§0p —aR,,
N 6 —a?

Rearranging (3.14) gives
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¢ — a?

Ry — < + Cow (Em, ﬁtm) SR —a

T

(3.15)

Rewriting the first term on the right-hand side of equation (3.15) and multi-
plying and dividing the second term by the definition of a frontier portfolio’s

variance given in Chapter 2’s equation (2.32), equation (3.15) becomes

el g _ Gl — a2 n Cov (R"LvEOp) 1 n ) (Rm - 5)2 G0 — a?
S (R — 2) o2, ) ¢6—a? SRy —
o et CofRufy) o a0 goat
R T A R ey
(3.16)

From equation (2.39), we recognize that the first two terms on the right-hand
side of (3.16) equal the expected return on the portfolio that has zero covariance
with the market portfolio, call it R,,,. Thus, equation (3.16) can be written as

ROP = R.n+ (Em — Rzm) (3.17)
+

Since the portfolio having weights w® can be any risky-asset portfolio, it includes
a portfolio that invests solely in a single asset.* In this light, 8, becomes the
covariance of the individual asset’s return with that of the market portfolio, and
the relationship in equation (3.17) is identical to the previous CAPM result in
equation (3.10) except that R.,, replaces Ry. Hence, when a riskless asset does
not exist, we measure an asset’s excess returns relative to R..,, the expected

return on a portfolio that has a zero beta.

4One of the elements of w® would equal 1, while the rest would be zero.
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Because the CAPM relationship in equations (3.10) or (3.17) implies that
assets’ expected returns differ only due to differences in their betas, it is con-
sidered a single "factor" model, this risk factor being the return on the market
portfolio. Stephen Ross (Ross 1976) derived a similar multifactor relationship,
but starting from a different set of assumptions and using a derivation based
on the arbitrage principle. Frequently in this book, we will see that asset pric-
ing implications can often be derived based on investor risk preferences, as was
done in the CAPM when we assumed investors cared only about the mean and
variance of their portfolio’s return. However, another powerful technique for
asset pricing is to rule out the existence of arbitrage. We now turn to this

topic, first by discussing the nature of arbitrage.

3.2 Arbitrage

The notion of arbitrage is simple. It involves the possibility of getting something
for nothing while having no possibility of loss. Specifically, consider constructing
a portfolio involving both long and short positions in assets such that no initial
wealth is required to form the portfolio.? If this zero-net-investment portfolio
can sometimes produce a positive return but can never produce a negative
return, then it represents an arbitrage: starting from zero wealth, a profit can
sometimes be made but a loss can never occur. A special case of arbitrage is
when this zero-net-investment portfolio produces a riskless return. If this certain
return is positive (negative), an arbitrage is to buy (sell) the portfolio and reap
a riskless profit, or “free lunch.” Only if the return is zero would there be no
arbitrage.

An arbitrage opportunity can also be defined in a slightly different context.

5Proceeds from short sales (or borrowing) are used to purchase (take long positions in)
other assets.
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If a portfolio that requires a nonzero initial net investment is created such that
it earns a certain rate of return, then this rate of return must equal the current
(competitive market) risk-free interest rate. Otherwise, there would also be an
arbitrage opportunity. For example, if the portfolio required a positive initial
investment but earned less than the risk-free rate, an arbitrage would be to
(short-) sell the portfolio and invest the proceeds at the risk-free rate, thereby
earning a riskless profit equal to the difference between the risk-free rate and
the portfolio’s certain (lower) rate of return.’

In efficient, competitive asset markets where arbitrage trades are feasible, it
is reasonable to think that arbitrage opportunities are rare and fleeting. Should
arbitrage temporarily exist, then trading by investors to earn this profit will tend
to move asset prices in a direction that eliminates the arbitrage opportunity. For
example, if a zero-net-investment portfolio produces a riskless positive return,
as investors create (buy) this portfolio, the prices of the assets in the portfolio
will be bid up. The cost of creating the portfolio will then exceed zero. The
portfolio’s cost will rise until it equals the present value of the portfolio’s riskless
return, thereby eliminating the arbitrage opportunity. Hence, for competitive
asset markets where it is also feasible to execute arbitrage trades, it may be
reasonable to assume that equilibrium asset prices reflect an absence of arbitrage
opportunities. As will be shown, this assumption leads to a law of one price: if
different assets produce exactly the same future payoffs, then the current prices
of these assets must be the same. This simple result has powerful asset pricing

implications.

6 Arbitrage defined in this context is really equivalent to the previous definition of arbitrage.
For example, if a portfolio requiring a positive initial investment produces a certain rate of
return in excess of the riskless rate, then an investor should be able to borrow the initial funds
needed to create this portfolio and pay an interest rate on this loan that equals the risk-free
interest rate. That the investor should be able to borrow at the riskless interest rate can be
seen from the fact that the portfolio produces a return that is always sufficient to repay the
loan in full, making the borrowing risk-free. Hence, combining this initial borrowing with
the nonzero portfolio investment results in an arbitrage opportunity that requires zero initial
wealth.
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However, as a word of caution, not all asset markets meet the conditions
required to justify arbitrage pricing. For some markets, it may be impossible
to execute pure arbitrage trades due to significant transactions costs and/or
restrictions on short-selling or borrowing. In such cases of limited arbitrage,
the law of one price can fail.” Alternative methods, such as those based on a

model of investor preferences, are required to price assets.

3.2.1 Examples of Arbitrage Pricing

An early use of the arbitrage principle is the covered interest parity condition
that links spot and forward foreign exchange markets to foreign and domestic
money markets. To illustrate, let Fy, be the current date 0 forward price for
exchanging one unit of a foreign currency 7 periods in the future. This forward
price represents the dollar price to be paid 7 periods in the future for delivery
of one unit of foreign currency 7 periods in the future. In contrast, let Sy be
the spot price of foreign exchange, that is, the current date 0 dollar price of
one unit of foreign currency to be delivered immediately. Also let Ry be the
per-period risk-free (money market) return for borrowing or lending in dollars
over the period 0 to 7, and denote as R; the per-period risk-free return for
borrowing or lending in the foreign currency over the period 0 to 7.8

Now construct the following portfolio that requires zero net wealth. First,
we sell forward (take a short forward position in) one unit of foreign exchange
at price Fy,.” This contract means that we are committed to delivering one
unit of foreign exchange at date 7 in return for receiving Fy, dollars at date 7.

Second, let us also purchase the present value of one unit of foreign currency,

" Andrei Shleifer and Robert Vishny (Shleifer and Vishny 1997) discuss why the conditions
needed to apply arbitrage pricing are not present in many asset markets.

8For example, if the foreign currency is the Japanese yen, R} would be the per-period
return for a yen-denominated risk-free investment or loan.

9Taking a long or short position in a forward contract requires zero initial wealth, as
payment and delivery all occur at the future date 7.
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1/R%7, and invest it in a foreign bond yielding the per-period return, R%. In
terms of the domestic currency, this purchase costs So/R%7, which we finance

by borrowing dollars at the per-period return Ry.

What happens at date 7 as a result of these trades? When date 7 arrives,
we know that our foreign currency investment yields R%T / R%7 =1 unit of the
foreign currency. This is exactly what we need to satisfy our short position in
the forward foreign exchange contract. For delivering this foreign currency, we
receive Fy, dollars. But we also now owe a sum of R}So / R;ZT due to our dollar

borrowing. Thus, our net proceeds at date 7 are

For — R}So/ R} (3.18)

Note that these proceeds are nonrandom; that is, the amount is known at date
0 since it depends only on prices and riskless rates quoted at date 0. If this
amount is positive, then we should indeed create this portfolio as it represents
an arbitrage. If, instead, this amount is negative, then an arbitrage would be for
us to sell this portfolio; that is, we reverse each trade just discussed (i.e., take a
long forward position, and invest in the domestic currency financed by borrowing
in foreign currency markets). Thus, the only instance in which arbitrage would

not occur is if the net proceeds are zero, which implies

For = SoR}/ R} (3.19)

Equation (3.19) is referred to as the covered interest parity condition.

The forward exchange rate, Fy,, represents the dollar price for buying or
selling a foreign currency at date 7, a future date when the foreign currency’s
dollar value is unknown. Though Fp, is the price of a risky cashflow, it has

been determined without knowledge of the utility functions of investors or their
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expectations regarding the future value of the foreign currency. The reason
for this simplification is due to the law of one price, which states that in the
absence of arbitrage, equivalent assets (or contracts) must have the same price.
A forward contract to purchase a unit of foreign currency can be replicated by
buying, at the spot exchange rate Sy, a foreign currency investment paying the
per-period, risk-free return R} and financing this by borrowing at the dollar risk-
free return Ry. In the absence of arbitrage, these two methods for obtaining
foreign currency in the future must be valued the same. Given the spot exchange
rate, Sy, and the foreign and domestic money market returns, R;i and Ry,
the forward rate is pinned down. Thus, when applicable, pricing assets or
contracts by ruling out arbitrage is attractive in that assumptions regarding

investor preferences or beliefs are not required.

To motivate how arbitrage pricing might apply to a very simple version of the
CAPM, suppose that there is a risk-free asset that returns Ry and multiple risky
assets. However, assume that only a single source of (market) risk determines
all risky-asset returns and that these returns can be expressed by the linear

relationship

Ri=a;+bf (3.20)

where R; is the return on the it" asset and f is the single risk factor generating

all asset returns, where it is assumed that E[f] = 0. a; is asset i’s expected
return, that is, £ [éz] = qa;. b; is the sensitivity of asset i to the risk factor and
can be viewed as asset i’s beta coefficient. Note that this is a highly simplified
example in that all risky assets are perfectly correlated with each other. Assets

have no idiosyncratic risk (residual component 2;). A generalized model with

idiosyncratic risk will be presented in the next section.

Now suppose that a portfolio of two assets is constructed, where a proportion
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of wealth of w is invested in asset ¢ and the remaining proportion of (1 — w) is

invested in asset j. This portfolio’s return is given by

wa; + (1 —w)a; +wb f + (1 —w)b; f (3.21)

w(a; — a;) + a; + [w(bi — bj) 4 bj] f

If the portfolio weights are chosen such that

wh =L (3.22)

then the uncertain (random) component of the portfolio’s return is eliminated.

The absence of arbitrage then requires that R, = Ry, so that

or

which implies

R, =w"(a; —aj)+a; = Ry (3.23)
bj (ai aj)
+a; = Rf
b;j — b; I

a— Ry aj— Ry _

3.24
- - (3.24)

This condition states that the expected return in excess of the risk-free rate,

per unit of risk, must be equal for all assets, and we define this ratio as A. A

is the risk premium per unit of the factor risk. The denominator, b;, can be

interpreted as asset i’s quantity of risk from the single risk factor, while a; — Ry

can be thought of as asset i’s compensation or premium in terms of excess

expected return given to investors for holding asset 7. Thus, this no-arbitrage



3.3. LINEAR FACTOR MODELS 95

condition is really a law of one price in that the price of risk, A, which is the

risk premium divided by the quantity of risk, must be the same for all assets.
Equation (3.24) is a fundamental relationship, and similar law-of-one-price

conditions hold for virtually all asset pricing models. For example, we can

rewrite the CAPM equation (3.10) as

R — Ry (R, — Ry)

PimTi Om

S, (3.25)

so that the ratio of an asset’s expected return premium, R; — R t, to its quantity
of market risk, p,,,0:, is the same for all assets and equals the slope of the
capital market line, S.. We next turn to a generalization of the CAPM that

derives from arbitrage pricing.

3.3 Linear Factor Models

The CAPM assumption that all assets can be held by all individual investors is
clearly an oversimplification. Transactions costs and other trading "frictions"
that arise from distortions such as capital controls and taxes might prevent
individuals from holding a global portfolio of marketable assets. Furthermore,
many assets simply are nonmarketable and cannot be traded.!® The preeminent
example of a nonmarketable asset is the value of an individual’s future labor
income, what economists refer to as the individual’s human capital. Therefore,
in addition to the risk from returns on a global portfolio of marketable assets,
individuals are likely to face multiple sources of nondiversifiable risks. It is

then not hard to imagine that, in equilibrium, assets’ risk premia derive from

10Rjchard Roll (Roll 1977) has argued that CAPM is not a reasonable theory, because a
true "market" portfolio consisting of all risky assets cannot be observed or owned by investors.
Moreover, empirical tests of CAPM are infeasible because proxies for the market portfolio
(such as the S&P 500 stock index) may not be mean-variance efficient, even if the true market
portfolio is. Conversely, a proxy for the market portfolio could be mean-variance efficient
even though the true market portfolio is not.



96 CHAPTER 3. CAPM, ARBITRAGE, AND LINEAR FACTOR MODELS

more than a single risk factor. Indeed, the CAPM’s prediction that risk from
a market portfolio is the only source of priced risk has not received strong

empirical support.!!

This is a motivation for the multifactor Arbitrage Pricing Theory (APT)
model. APT assumes that an individual asset’s return is driven by multiple risk
factors and by an idiosyncratic component, though the theory is mute regarding
the sources of these multiple risk factors. APT is a relative pricing model in
the sense that it determines the risk premia on all assets relative to the risk
premium for each of the factors and each asset’s sensitivity to each factor.!?
It does not make assumptions regarding investor preferences but uses arbitrage
pricing to restrict an asset’s risk premium. The main assumptions of the model
are that the returns on all assets are linearly related to a finite number of risk
factors and that the number of assets in the economy is large relative to the

number of factors. Let us now detail the model’s assumptions.

Assume that there are k risk factors and n assets in the economy, where
n > k. Let by, be the sensitivity of the i*" asset to the z*" risk factor, where
f. is the random realization of risk factor z. Also let Z; be the idiosyncratic
risk component specific to asset ¢, which by definition is independent of the k
risk factors, fl,..., fk, and the specific risk component of any other asset j, €;.
¢; must be independent of the risk factors or else it would affect all assets, thus
not being truly a specific source of risk to just asset ¢. If a; is the expected
return on asset %, then the return-generating process for asset ¢ is given by the

linear factor model

1Ravi Jagannathan and Ellen McGrattan (Jagannathan and McGrattan 1995) review the
empirical evidence for CAPM.

12This is not much different from the CAPM. CAPM determined each asset’s risk premium
based on the single-factor market risk premium, Ry, — Ry, and the asset’s sensitivity to this
single factor, 5;. The only difference is that CAPM provides somewhat more guidance as to
the identity of the risk factor, namely, the return on a market portfolio of all assets.
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k
z=1

where E[¢;] = F [fz} =F [Ezfz] =0, and E [g;¢;] = 0 for ¢ # j. For simplicity,
we also assume that E {fzfm] = 0 for z # z; that is, the risk factors are
mutually independent. In addition, let us further assume that the risk factors
are normalized to have a variance equal to one, so that F [ ff] =1. Asit turns
out, these last two assumptions are not important, as a linear transformation
of correlated risk factors can allow them to be redefined as independent, unit-
variance risk factors.!?

A final assumption is that the idiosyncratic risk (variance) for each asset is
finite; that is,

K3

E [’5‘4‘] =52 < §2 (3.27)

where S? is some finite number. Under these assumptions, note that Cov (Ri, fz) :I
Cov (bizfz, fz) = b;,Cov (fz, fz> = b;». Thus, b;, is the covariance between
the return on asset 7 and factor z.

In the simple example of the previous section, assets had no idiosyncratic
risk, and their expected returns could be determined by ruling out a simple
arbitrage. This was because a hedge portfolio, consisting of appropriate com-
binations of different assets, could be created that had a riskless return. Now,
however, when each asset’s return contains an idiosyncratic risk component, it is
not possible to create a hedge portfolio having a purely riskless return. Instead,
we will argue that if the number of assets is large, a portfolio can be constructed

that has "close" to a riskless return, because the idiosyncratic components of

13For example, suppose g is a k x 1 vector of mean-zero, correlated risk factors with k x k
covariance matrix E[gg’] = Q. Then create a transformed k x 1 vector of risk factors given

by f = VQ~13. The covariance matrix of these transformed risk factors is E [ff'] =
VQ1E [gg'] VQ~1 = Ij, where I}, is a k x k identity matrix.



98 CHAPTER 3. CAPM, ARBITRAGE, AND LINEAR FACTOR MODELS

assets’ returns are diversifiable. While ruling out pure arbitrage opportunities
is not sufficient to constrain assets’ expected returns, we can use the notion of
asymptotic arbitrage to argue that assets’ expected returns will be "close" to
the relationship that would result if they had no idiosyncratic risk. So let us

now state what we mean by an asymptotic arbitrage opportunity.'*

Definition: Let a portfolio containing n assets be described by the vector of
investment amounts in each of the n assets, W™ = [W* WJ ... W?]'. Thus, W}
is the amount invested in asset ¢ when there are n total assets in the economy.
Consider a sequence of these portfolios where n is increasing, n = 2,3, . . .. Let
0i; be the covariance between the returns on assets ¢ and j. Then an asymptotic

arbitrage exists if the following conditions hold:

(A) The portfolio requires zero net investment:

n
> wr=o0
i=1

(B) The portfolio return becomes certain as n gets large:

nh—>Holo zn: Xn: WiWjtoi; =0

i=1 j=1

(C) The portfolio’s expected return is always bounded above zero

zn:Winai >5>0

i=1
We can now state the Arbitrage Pricing Theorem (APT):

Theorem: If no asymptotic arbitrage opportunities exist, then the expected

return of asset 4, i = 1,...,n, is described by the following linear relation:

14This proof of Arbitrage Pricing Theory based on the concept of asymptotic arbitrage is
due to Gur Huberman (Huberman 1982).
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k
a; = Ao + Zbiz)\z +v; (%)

z=1
where Ay is a constant, A, is the risk premium for risk factor fz, z=1,..,k,

and the expected return deviations, v;, satisfy
n
Z V; = 0 (Z)
i=1
n
> bivi=0, z=1,..k (i1)
i=1

1 n
lim = v? =0 (444)
=1

n—oofn, 4

Note that condition (iii) says that the average squared error (deviation) from
the pricing rule (%) goes to zero as n becomes large. Thus, as the number of
assets increases relative to the risk factors, expected returns will, on average,
become closely approximated by the relation a; = Ag + 25:1 bi»A. Also note
that if the economy contains a risk-free asset (implying b;, = 0,V z), the risk-free
return will be approximated by Ag.

Proof: For a given number of assets, n > k, think of running a cross-
sectional regression of the a;’s on the b;,’s. More precisely, project the de-
pendent variable vector a = [a1 as ... a,]" on the k explanatory variable vectors
b, = [b1» bas ... bn.]’, 2 =1,..., k. Define v; as the regression residual for obser-
vation i, ¢ = 1,...,n. Denote \g as the regression intercept and A, z = 1, ..., k,
as the estimated coefficient on explanatory variable z. The regression estimates

and residuals must then satisfy

k
a; = X\ + Zbiz)\z + v, (328)

z=1
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where by the properties of an orthogonal projection (Ordinary Least Squares
regression), the residuals sum to zero, Y ., v; = 0, and are orthogonal to the
regressors, » . bi.v; =0, z = 1,..., k. Thus, we have shown that (x), (i), and
(it) can be satisfied. The last but most important part of the proof is to show

that (7i7) must hold in the absence of asymptotic arbitrage.

Thus, let us construct a zero-net-investment arbitrage portfolio with the

following investment amounts:

v

W= ——— 3.29
' Z?:1 an ( )

so that greater amounts are invested in assets having the greatest relative ex-

pected return deviation. The total arbitrage portfolio return is given by

R, = Y Wik (3.30)

n k
1 -
= vi a;+ bi-f> + €
V Z:‘L:l vin l; ; )

Since Y bi.v; =0, z = 1,..., k, this equals

1 L
= = iR
NS [Z Y

1 n
R, = E i (a; +€;
: Vi vin L—1 vilat s

Let us calculate this portfolio’s mean and variance. Taking expectations, we

(3.31)

obtain
n

e p—

i=1"1 i=1

(3.32)

since E[g;] = 0. Substituting in for a; = A\g + Z§:1 bi- A\, + v;, we have
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B 1 n k n n
b [Rp] = W l)\o ; vi+ ; Az ; Vibiz> + Z l/f] (3.33)

i=1

and since Y. ; v; =0 and ., v;b;; = 0, this simplifies to

(3.34)

To calculate the portfolio’s variance, start by subtracting (3.32) from (3.31):

R,—E [Rp} - an2 li z/ia] (3.35)

i=1"1 i=1

Then, because E[Z;Z;] = 0 for i # j and E[}] = s?, the portfolio variance is

E [(Rp - E [RPDQ] _ Xyt N S %2 (3.36)

1
nz;l:l 1/22 nz;l:l 1/1,2

Thus, as n becomes large (n — o0), the variance of the portfolio’s return goes to
zero, that is, the expected return on the portfolio becomes certain. This implies

that in the limit, the actual return equals the expected return in (3.34):

(3.37)

and so if there are no asymptotic arbitrage opportunities, this certain return on

the portfolio must equal zero. This is equivalent to requiring

1 n
lim = E 2=0 3.38
nLH;on P Vi ( )
which is condition (#3i).

We see that APT, given by the relation a; = A\g + 25:1 b;» )\, can be inter-
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preted as a multi-beta generalization of CAPM. However, whereas CAPM says
that its single beta should be the sensitivity of an asset’s return to that of the
market portfolio, APT gives no guidance as to what are the economy’s multiple
underlying risk factors. An empirical application of APT by Nai-Fu Chen,
Richard Roll, and Stephen Ross (Chen, Roll, and Ross 1986) assumed that the
risk factors were macroeconomic in nature, as proxied by industrial production,
expected and unexpected inflation, the spread between long- and short-maturity
interest rates, and the spread between high- and low-credit-quality bonds.

Other researchers have tended to select risk factors based on those that

provide the “best fit” to historical asset returns.'®

The well-known Eugene
Fama and Kenneth French (Fama and French 1993) model is an example of this.
Its risk factors are returns on three different portfolios: a market portfolio of
stocks (like CAPM), a portfolio that is long the stocks of small firms and short
the stocks of large firms, and a portfolio that is long the stocks having high
book-to-market ratios (value stocks) and short the stocks having low book-to-
market ratios (growth stocks). The latter two portfolios capture the empirical
finding that the stocks of smaller firms and those of value firms tend to have
higher expected returns than would be predicted solely by the one-factor CAPM
model. The Fama-French model predicts that a given stock’s expected return is
determined by its three betas for these three portfolios.'® It has been criticized

for lacking a theoretical foundation for its risk factors.!”

However, there have been some attempts to provide a rationale for the Fama-

15Gregory Connor and Robert Korajczk (Connor and Korajczyk 1995) survey empirical
tests of the APT.

16 A popular extension of the Fama-French three-factor model is the four-factor model pro-
posed by Mark Carhart (Carhart 1997). His model adds a proxy for stock momentum.

17"Moreover, some researchers argue that what the model interprets as risk factors may be
evidence of market inefficiency. For example, the low returns on growth stocks relative to
value stocks may represent market mispricing due to investor overreaction to high growth
firms.  Josef Lakonishok, Andrei Shleifer, and Robert Vishny (Lakonishok, Shleifer, and
Vishny 1994) find that various measures of risk cannot explain the higher average returns of
value stocks relative to growth stocks.
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French model’s good fit of asset returns. Heaton and Lucas (Heaton and
Lucas 2000) provide a rationale for the additional Fama-French risk factors.
They note that many stockholders may dislike the risks of small-firm and value
stocks, the latter often being stocks of firms in financial distress, and thereby
requiring higher average returns. They provide empirical evidence that many
stockholders are, themselves, entrepreneurs and owners of small businesses, so
that their human capital is already subject to the risks of small firms with rel-
atively high probabilities of failure. Hence, these entrepreneurs wish to avoid
further exposure to these types of risks.

We will later develop another multibeta asset pricing model, namely Robert
Merton’s Intertemporal Capital Asset Pricing Model (ICAPM) (Merton 1973a),
which is derived from an intertemporal consumer-investor optimization problem.
It is a truly dynamic model that allows for changes in state variables that could
influence investment opportunities. While the ICAPM is sometimes used to
justify the APT, the static (single-period) APT framework may not be compati-
ble with some of the predictions of the more dynamic (multiperiod) ICAPM. In
general, the ICAPM allows for changing risk-free rates and predicts that assets’
expected returns should be a function of such changing investment opportu-
nities. The model also predicts that an asset’s multiple betas are unlikely to
remain constant through time, which can complicate deriving estimates of betas

from historical data.'®

3.4 Summary

In this chapter we took a first step in understanding the equilibrium determi-

nants of individual assets’ prices and returns. The Capital Asset Pricing Model

18Ravi Jagannathan and Zhenyu Wang (Jagannathan and Wang 1996) find that the
CAPM better explains stock returns when stocks’ betas are permitted to change over
time and a proxy for the return on human capital is included in the market portfolio.
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(CAPM) was shown to be a natural extension of Markowitz’s mean-variance
portfolio analysis. However, in addition to deriving CAPM from investor mean-
variance risk-preferences, we showed that CAPM and its multifactor generaliza-
tion Arbitrage Pricing Theory (APT), could result from assumptions of a linear
model of asset returns and an absence of arbitrage opportunities.

Arbitrage pricing will arise frequently in subsequent chapters, especially in
the context of valuing derivative securities. Furthermore, future chapters will
build on our single-period CAPM and APT results to show how equilibrium
asset pricing is modified when multiple periods and time-varying asset return

distributions are considered.

3.5 Exercises

1. Assume that individual investor k£ chooses between n risky assets in order

to maximize the following utility function:

— 1
max Rk - ka

{wh} O
n
where the mean and variance of investor k’s portfolio are Ry, = Y w¥R;
o i=1
and V = Z Zw?w?aij, respectively, and where R; is the expected re-
turn on risi{_yljz;slset 1, and o;; is the covariance between the returns on
risky asset ¢ and risky asset j. wf is investor k’s portfolio weight invested
in risky asset ¢, so that i wf = 1. 0 is a positive constant and equals
investor k’s risk toler’cche:.1

(a) Write down the Lagrangian for this problem and show the first-order

conditions.

(b) Rewrite the first-order condition to show that the expected return on
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asset ¢ is a linear function of the covariance between risky asset i’s

return and the return on investor k’s optimal portfolio.

(c) Assume that investor k has initial wealth equal to W}, and that there
are k =1, ..., M total investors, each with different initial wealth
and risk tolerance. Show that the equilibrium expected return on
asset ¢ is of a similar form to the first-order condition found in part
(b), but depends on the wealth-weighted risk tolerances of investors
and the covariance of the return on asset i with the market portfolio.
Hint: begin by multiplying the first order condition in (b) by investor

k’s wealth times risk tolerance, and then aggregate over all investors.

2. Let the U.S. dollar ($) / Swiss franc (SF) spot exchange rate be $0.68 per
SF and the one-year forward exchange rate be $0.70 per SF. The one-year

interest rate for borrowing or lending dollars is 6.00 percent.

(a) What must be the one-year interest rate for borrowing or lending

Swiss francs in order for there to be no arbitrage opportunity?

(b) If the one-year interest rate for borrowing or lending Swiss francs was

less than your answer in part (a), describe the arbitrage opportunity.

3. Suppose that the Arbitrage Pricing Theory holds with k& = 2 risk factors,

so that asset returns are given by

Ri=a;+bafi+biafo+2i

where a; =2 Apo + biiAs1 + bisAra. Maintain all of the assumptions made in
the notes and, in addition, assume that both A¢; and Afy are positive. Thus,
the positive risk premia imply that both of the two orthogonal risk factors are

“priced” sources of risk. Now define two new risk factors from the original risk
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factors:

g1 = Cl.l?l + 02172
g2 = C3J?1 + C4J?2

Show that there exists a ¢y, co, c3, and ¢4 such that giis orthogonal to gs, they
each have unit variance, and \g; > 0, but that A\g» = 0, where Ajand Ago are
the risk premia associated with g; and go, respectively. In other words, show
that any economy with two priced sources of risk can also be described by an

economy with one priced source of risk.



Chapter 4

Consumption-Savings

Decisions and State Pricing

Previous chapters studied the portfolio choice problem of an individual who
maximizes the expected utility of his end-of-period wealth. This specification
of an individual’s decision-making problem may be less than satisfactory since,
traditionally, economists have presumed that individuals derive utility from con-
suming goods and services, not by possessing wealth per se. Taking this view,
our prior analysis can be interpreted as implicitly assuming that the individual
consumes only at the end of the single investment period, and all end-of-period
wealth is consumed. Utility from the individual consuming some of her ini-
tial beginning-of-period wealth was not modeled, so that all initial wealth was
assumed to be saved and invested in a portfolio of assets.

In this chapter we consider the more general problem where an individual
obtains utility from consuming at both the initial and terminal dates of her
decision period and where nontraded labor income also may be received. This

allows us to model the individual’s initial consumption-savings decision as well

107
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as her portfolio choice decision. In doing so, we can derive relationships between
asset prices and the individual’s optimal levels of consumption that extend many
of our previous results. We introduce the concept of a stochastic discount
factor that can be used to value the returns on any asset. This stochastic
discount factor equals each individual’s marginal rate of substitution between
initial and end-of-period consumption for each state of nature, that is, each

random outcome.

After deriving this stochastic discount factor, we demonstrate that its volatil-
ity restricts the feasible excess expected returns and volatilities of all assets.
Importantly, we discuss empirical evidence that appears inconsistent with this
restriction for standard, time-separable utility functions, casting doubt on the
usefulness of a utility-of-consumption-based stochastic discount factor. Fortu-
nately, however, a stochastic discount factor for pricing assets need not rely on
this consumption-based foundation. We provide an alternative derivation of a
stochastic discount factor based on the assumptions of an absence of arbitrage
and market completeness. Markets are said to be complete when there are a

sufficient number of nonredundant assets whose returns span all states of nature.

The chapter concludes by showing how the stochastic discount factor ap-
proach can be modified to derive an asset valuation relationship based on risk-
neutral probabilities. These probabilities transform the true probabilities of
each state of nature to incorporate adjustments for risk premia. Valuation
based on risk-neutral probabilities is used extensively to price assets, and this

technique will be employed frequently in future chapters.
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4.1 Consumption and Portfolio Choices

In this section we introduce an initial consumption-savings decision into an
investor’s portfolio choice problem. This is done by permitting the individual
to derive utility from consuming at the beginning, as well as at the end, of the
investment period. The assumptions of our model are as follows.

Let Wy and Cj be the individual’s initial date 0 wealth and consumption,
respectively. At date 1, the end of the period, the individual is assumed to
consume all of his wealth which, we denote as C;. The individual’s utility
function is defined over beginning- and end-of-period consumption and takes

the following form:

U (Cy) +0E [U (61)} (4.1)

where § is a subjective discount factor that reflects the individual’s rate of time
preference and E [-] is the expectations operator conditional on information at
date 0.! The multidate specification of utility in expression (4.1) is an example
of a time-separable utility function. Time separability means that utility at a
particular date (say 0 or 1) depends only on consumption at that same date.
Later chapters will analyze the implications of time separability and consider
generalized multiperiod utility functions that permit utility to depend on past
or expected future consumption.

Suppose that the individual can choose to invest in n different assets. Let
P; be the date 0 price per share of asset 4, i = 1,...,n , and let X; be the date

1 random payoff of asset i. For example, a dividend-paying stock might have a

1§ is sometimes written as ﬁ where p is the rate of time preference. A valueof § <1 (p >

0) reflects impatience on the part of the individual, that is, a preference for consuming early.
A more general two-date utility function could be expressed as Ug (Co) + E [U1 (C1)] where
Up and U; are any different increasing, concave functions of consumption. Our presentation
assumes Uy (C) = 6Up (C), but the qualitative results we derive also hold for the more general
specification.
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date 1 random payoff of X’l = ]511- + Eli, whereA}SM is the date 1 stock price and
512- is the stock’s dividend paid at date 1. Alternatively, for a coupon-paying
bond,Aﬁu would be the date 1 bond price and 511- would be the bond’s coupon
paid at date 1.2 Given this definition, we can also define R; = X;/P; to be the
random return on asset ¢. The individual may also receive labor income of y, at
date 0 and random labor income of y; at date 1.3 If w; is the proportion of date
0 savings that the individual chooses to invest in asset ¢, then his intertemporal

budget constraint is

C1=y1+ (Wo +yo — Co) ZwiRi (4.2)
i=1

where (W + yo — Cp) is the individual’s date 0 savings. The individual’s max-

imization problem can then be stated as

Co,{wi}

subject to equation (4.2) and the constraint ) . w; = 1. The first-order con-

ditions with respect to Cy and the w;, i = 1,...,n are

U/ (Co) —0F U/ (Cl) iwiRi =0 (44)

i=1

ok [U/ (C1)Rl] —)\:07 1= 1,...,n (45)

where A = X'/ (Wy +yo — Cp) and X' is the Lagrange multiplier for the con-

straint Y., w; = 1. The first-order conditions in (4.5) describe how the in-

2The coupon payment would be uncertain if default on the payment is possible and/or the
coupon is not fixed but floating (tied to a market interest rate).

3There is an essential difference between tangible wealth, W, and wage income, y. The
present value of wage income, which is referred to as "human capital," is assumed to be a
nontradeable asset. The individual can rebalance his tangible wealth to change his holdings
of marketable assets, but his endowment of human capital (and its cashflows in the form of
wage income) is assumed to be fixed.
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vestor chooses between different assets. Substitute out for A and one obtains

E[U'(C1) Ri] = E[U' (Ch) Ry] (4.6)

for any two assets, i and j. Equation (4.6) tells us that the investor trades off
investing in asset ¢ for asset j until their expected marginal utility-weighted
returns are equal. If this were not the case, the individual could raise his total
expected utility by investing more in assets whose marginal utility-weighted
returns were relatively high and investing less in assets whose marginal utility-

weighted returns were low.

How does the investor act to make the optimal equality of expected marginal
utility-weighted returns in (4.6) come about? Note from (4.2) that Cy becomes
more positively correlated with R; the greater is w;. Thus, the greater asset ¢’s
portfolio weight, the lower will be U’ (C4) when R; is high due to the concavity of
utility. Hence, as w; becomes large, smaller marginal utility weights multiply
the high realizations of asset ¢’s return, and F [U’ (Cy) R;] falls. Intuitively,
this occurs because the investor becomes more undiversified by holding a larger
proportion of asset i. By adjusting the portfolio weights for asset ¢ and each
of the other n — 1 assets, the investor changes the random distribution of C in
a way that equalizes E [U’ (C}) Ry] for all assets k = 1, ...,n, thereby attaining

the desired level of diversification.

Another result of the first-order conditions involves the intertemporal allo-

cation of resources. Substituting (4.5) into (4.4) gives

i=1

U/ (Cl) iwiRi

i=1
i=1

U'(Cy) = OF
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Therefore, substituting A = U’ (Cp), the first-order conditions in (4.5) can be

written as

oF [U/ (Cl)Rl] :U/ (Co), 1= 1,...,n (48)

or, since R; = X;/P;,

PZ'UI (C()) =0F [U/ (Cl)XZ'], 1= 1,...,n (49)

Equation (4.9) has an intuitive meaning and, as will be shown in subsequent
chapters, generalizes to multiperiod consumption and portfolio choice problems.
It says that when the investor is acting optimally, he invests in asset ¢ until the
loss in marginal utility of giving up P; dollars at date 0 just equals the expected
marginal utility of receiving the random payoff of X; at date 1. To see this more
clearly, suppose that one of the assets pays a risk-free return over the period.
Call it asset f so that Ry is the risk-free return (1 plus the risk-free interest

rate). For the risk-free asset, equation (4.9) can be rewritten as

U’ (Co) = RySE[U' (Cy)] (4.10)

which states that the investor trades off date 0 for date 1 consumption until the
marginal utility of giving up $1 of date 0 consumption just equals the expected
marginal utility of receiving $R; of date 1 consumption. For example, suppose
that utility is of a constant relative-risk-aversion form: U (C) = C7/~, for v < 1.

Then equation (4.10) can be rewritten as

(@) ()

Hence, when the interest rate is high, so will be the expected growth in consump-

1
— —$E
Ry
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tion. For the special case of there being only one risk-free asset and nonrandom

labor income, so that C; is nonstochastic, equation (4.11) becomes

1/ )\
— (= 4.12
Ry 5(00) (4.12)

Taking logs of both sides of the equation, we obtain

In(Rf)=—Ind+(1—7)In <(Cj'(1)> (4.13)

Since In(Ry) is the continuously compounded, risk-free interest rate and In(C4 /Co)|j
is the growth rate of consumption, then we can define the elasticity of intertem-
poral substitution, €, as

811’1(01/00) - 1
Oln(R;)  1—+v

€ (4.14)

Hence, with power (constant relative-risk-aversion) utility, € is the reciprocal
of the coefficient of relative risk aversion. That is, the single parameter ~ de-
termines both risk aversion and the rate of intertemporal substitution. When
0 < v < 1, € exceeds unity and a higher interest rate raises second-period con-
sumption more than one-for-one. This implies that if utility displays less risk
aversion than logarithmic utility, this individual increases his savings as the in-
terest rate rises. Conversely, when v < 0, then € < 1 and a rise in the interest
rate raises second-period consumption less than one-for-one, implying that such
an individual decreases her initial savings when the return to savings is higher.
For the logarithmic utility individual (v = 0 and therefore, ¢ = 1), a change in

the interest rate has no effect on savings. These results can be interpreted as

4 An end-of-chapter exercise shows that this result extends to an environment with risky
assets. In Chapter 14, we will examine a recursive utility generalization of multiperiod
power utility for which the elasticity of intertemporal substitution is permitted to differ from
the inverse of the coefficient of relative risk aversion. There these two characteristics of
multiperiod utility are modeled by separate parameters.
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an individual’s response to two effects from an increase in interest rates. The
first is a substitution effect that raises the return from transforming current
consumption into future consumption. This higher benefit from initial savings
provides an incentive to do more of it. The second effect is an income effect due
to the greater return that is earned on a given amount of savings. This makes
the individual better off and, ceteris paribus, would raise consumption in both
periods. Hence, initial savings could fall and still lead to greater consumption
in the second period. For € > 1, the substitution effect outweighs the income
effect, while the reverse occurs when ¢ < 1. When € = 1, the income and
substitution effects exactly offset each other.

A main insight of this section is that an individual’s optimal portfolio of
assets is one where the assets’ expected marginal utility-weighted returns are
equalized. If this were not the case, the individual’s expected utility could
be raised by investing more (less) in assets whose average marginal utility-
weighted returns are relatively high (low). It was also demonstrated that an
individual’s optimal consumption-savings decision involves trading off higher
current marginal utility of consuming for higher expected future marginal utility

obtainable from invested saving.

4.2 An Asset Pricing Interpretation

Until now, we have analyzed the consumption-portfolio choice problem of an in-
dividual investor. For such an exercise, it makes sense to think of the individual
taking the current prices of all assets and the distribution of their payoffs as given
when deciding on his optimal consumption-portfolio choice plan. Importantly,
however, the first-order conditions we have derived might be re-interpreted as
asset pricing relationships. They can provide insights regarding the connec-

tion between individuals’ consumption behavior and the distribution of asset



4.2. AN ASSET PRICING INTERPRETATION 115

returns.

To see this, let us begin by rewriting equation (4.9) as

B sU' (CY)
P, = E {U,(CO)X} (4.15)

= E [m()lXi]

where mg; = 06U’ (C1) /U’ (Cp) is the marginal rate of substitution between ini-
tial and end-of-period consumption. For any individual who can trade freely in
asset i, equation (4.15) provides a condition that equilibrium asset prices must
satisfy. Condition (4.15) appears in the form of an asset pricing formula. The
current asset price, P;, is an expected discounted value of its payoffs, where the
discount factor, mg, is a random quantity because it depends on the random
level of future consumption. Hence, mg; is also referred to as the stochastic
discount factor for valuing asset returns. In states of nature where future con-
sumption turns out to be high (due to high asset portfolio returns or high labor
income), marginal utility, U’ (C1), is low and the asset’s payoffs in these states
are not highly valued. Conversely, in states where future consumption is low,
marginal utility is high so that the asset’s payoffs in these states are much de-
sired. This insight explains why myg; is also known as the state price deflator.
It provides a different discount factor (deflator) for different states of nature.
It should be emphasized that the stochastic discount factor, mg1, is the same
for all assets that a particular investor can hold. It prices these assets’ payoffs
only by differentiating in which state of nature the payoff is made. Since mg
provides the core, or kernel, for pricing all risky assets, it is also referred to as
the pricing kernel. Note that the random realization of mg; may differ across
investors because of differences in random labor income that can cause the

random distribution of C; to vary across investors. Nonetheless, the expected
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product of the pricing kernel and asset i’s payoff, E [mg;X;], will be the same

for all investors who can trade in asset 3.

4.2.1 Real versus Nominal Returns

In writing down the individual’s consumption-portfolio choice problem, we im-
plicitly assumed that returns are expressed in real, or purchasing power, terms;
that is, returns should be measured after adjustment for inflation. The reason
is that an individual’s utility should depend on the real, not nominal (currency
denominated), value of consumption. Therefore, in the budget constraint (4.2),
if C1 denotes real consumption, then asset returns and prices (as well as labor
income) need to be real values. Thus, if PV and X}V are the initial price and
end-of-period payoff measured in currency units (nominal terms), we need to
deflate them by a price index to convert them to real quantities. Letting CPI;
denote the consumer price index at date t, the pricing relationship in (4.15)

becomes

PN {w’ () XN ] (4.16)

CPI, | U (Cy) CPL

or if we define I;; = CPI;/CPI; as 1 plus the inflation rate between dates ¢

and s, equation (4.16) can be rewritten as

No_ op| LU v
pN = ELm TR (4.17)
= B [MynX]']

where My, = (6/1p1) U’ (C1) /U’ (Cp) is the stochastic discount factor (pricing
kernel) for discounting nominal returns. Hence, this nominal pricing kernel is

simply the real pricing kernel, my;, discounted at the (random) rate of inflation
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between dates 0 and 1.

4.2.2 Risk Premia and the Marginal Utility of Consump-
tion

The relation in equation (4.15) can be rewritten to shed light on an asset’s risk

premium. Dividing each side of (4.15) by P; results in

= E[mo] E[Ri] + Cov [mo1, Ri]

Cov [m01, Rz] >

= E[moi (E (] + —% [mo1]

Recall from (4.10) that for the case of a risk-free asset, E [6U’ (Cy) /U’ (Cy)] =

E[mo] =1/Ry. Then (4.18) can be rewritten as

CO’U [m01 5 Rl]

R; = E[R] + B o] (4.19)
E[R] = Ry- (’W (4.20)
— R,— CO”U [U’ (Cl),Rz]
Y BTG

Equation (4.20) states that the risk premium for asset i equals the negative
of the covariance between the marginal utility of end-of-period consumption
and the asset return divided by the expected end-of-period marginal utility of
consumption. If an asset pays a higher return when consumption is high, its

return has a negative covariance with the marginal utility of consumption, and
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therefore the investor demands a positive risk premium over the risk-free rate.

Conversely, if an asset pays a higher return when consumption is low, so
that its return positively covaries with the marginal utility of consumption,
then it has an expected return less than the risk-free rate. Investors will be
satisfied with this lower return because the asset is providing a hedge against
low consumption states of the world; that is, it is helping to smooth consumption

across states.

4.2.3 The Relationship to CAPM

Now suppose there exists a portfolio with a random return of Em that is perfectly
negatively correlated with the marginal utility of date 1 consumption, U’ (6’1),

implying that it is also perfectly negatively correlated with the pricing kernel,

mo1:
U'(Cy) = ko — kR, ko>0, k>0 (4.21)
Then this implies
Cov[U'(C1), Ry] = —k Cov[Ry, Ry] = — 6 Var[R,,] (4.22)
and
Cov[U'(Ch), R;] = —k Cov[Ry,, R} (4.23)

For the portfolio having return Em, the risk premium relation (4.20) is

Cov[U'(C4), Rn]
EU(Cy)]

Kk Var[Ry)
E[U(CY)]

E[R,)] = Ry — = Ry + (4.24)

Using (4.20) and (4.24) to substitute for E[U’(C})], and using (4.23), we obtain

E[R,]— Ry  wVar[R,]
E[R)]| - Ry  kCov[R,,, R (4.25)
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and rearranging:

~ Cov[Ry,, Ry

E[R;))— Ry = Varlf,] (E[Rn] — Ry) (4.26)

or

E[Rl] = Rf —|—,31- (E[Rm] - Rf) (4.27)

So we obtain the CAPM if the return on the market portfolio is perfectly neg-
atively correlated with the marginal utility of end-of-period consumption, that
is, perfectly negatively correlated with the pricing kernel. Note that for an
arbitrary distribution of asset returns and nonrandom labor income, this will
always be the case if utility is quadratic, because marginal utility is linear in
consumption and consumption also depends linearly on the market’s return. In
addition, for the case of general utility, normally distributed asset returns, and
nonrandom labor income, marginal utility of end-of-period consumption is also
perfectly negatively correlated with the return on the market portfolio, because
each investor’s optimal portfolio is simply a combination of the market portfolio
and the (nonrandom) risk-free asset. Thus, consistent with Chapters 2 and 3,
under the assumptions needed for mean-variance analysis to be equivalent with

expected utility maximization, asset returns satisfy the CAPM.

4.2.4 Bounds on Risk Premia

Another implication of the stochastic discount factor is that it places bounds
on the means and standard deviations of individual securities and, therefore,
determines an efficient frontier. To show this, rewrite the first line in equation

(4.20) as

Omo1OR;

E [Rl] — Rf - p"nLolaRi E [mo1]

(4.28)
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where 0., , OR,, and p,, | g, are the standard deviation of the discount factor,
the standard deviation of the return on asset i, and the correlation between the
discount factor and the return on asset i, respectively. Rearranging (4.28) leads

to

E[Rl]_Rf =—p R Omo:
mon B B limos]

. (4.29)

The left-hand side of (4.29) is the Sharpe ratio for asset 4. Since —1 < Prnot Ry <

1, we know that

‘E[RZ—]—Rf

‘ < Imo 5o Ry (4.30)
OR;

= E[me1]

This equation was derived by Robert Shiller (Shiller 1982), was generalized by
Lars Hansen and Ravi Jagannathan (Hansen and Jagannathan 1991), and is
known as a Hansen-Jagannathan bound. Given an asset’s Sharpe ratio and
the risk-free rate, equation (4.30) sets a lower bound on the volatility of the
economy’s stochastic discount factor. Conversely, given the volatility of the
discount factor, equation (4.30) sets an upper bound on the maximum Sharpe

ratio that any asset, or portfolio of assets, can attain.

If there exists an asset (or portfolio of assets) whose return is perfectly
negatively correlated with the discount factor, mg;, then the bound in (4.30)
holds with equality. As we just showed in equations (4.21) to (4.27), such

a situation implies the CAPM, so that the slope of the capital market line,

— E[Rm]_R
Se = = —

, equals 0, . Thus, the slope of the capital market line,
which represents (efficient) portfolios that have a maximum Sharpe ratio, can

be related to the standard deviation of the discount factor.

The inequality in (4.30) has empirical implications. o,,,, can be estimated

if we could observe an individual’s consumption stream and if we knew his or
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her utility function. Then, according to (4.30), the Sharpe ratio of any portfolio
of traded assets should be less than or equal to oy, /E [mo1]. For power utility,
U(C) = C7/y, v < 1, so that mg1 = 6(C1/Co)? " = ser—Dm(C1/Co)  [f

C1/Cy is assumed to be lognormally distributed, with parameters p,. and o,

then
Omer \/Var [e(r=1In(C1/Co)]
E [m01] B E [e(’Y*l)ln(Cl/CO)}

\/E [e20-D)(C1/Co)] — | [e(vfl)ln(Cl/Co)]2
E I:e('y—l) ln(Cl/Co)]

\/E [20-D)In(C1/C0)] /B [e(v—l)ln(cl/co)]2 1

= Jea D202 20t 1 = e 1

~ (1-79)o. (4.31)

where in the fourth line of (4.31), the expectations are evaluated assuming
C is lognormally distributed.” Hence, with power utility and lognormally

distributed consumption, we have

‘E[Ri]Rf

‘ <(1-9)o. (4.32)
OR;

Suppose, for example, that R; is the return on a broadly diversified portfolio
of U.S. stocks, such as the S&P 500. Over the last 75 years, this portfolio’s
annual real return in excess of the risk-free (U.S. Treasury bill) interest rate
has averaged 8.3 percent, suggesting E [R;] — Ry = 0.083. The portfolio’s an-
nual standard deviation has been approximately or, = 0.17, implying a Sharpe

E[R;]—R;

ratio of = 0.49. Assuming a “representative agent” and using per

i

5The fifth line of (4.31) is based on taking a two-term approximation of the series e =

2 3 o . .
l+z+ 5 + if,)—, + ..., which is reasonable when «x is a small positive number.
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capita U.S. consumption data to estimate the standard deviation of consump-
tion growth, researchers have come up with annualized estimates of o, between
0.01 and 0.0386.° Thus, even if a diversified portfolio of U.S. stocks was an
efficient portfolio of risky assets, so that equation (4.32) held with equality, it
would imply a value of vy =1 — (%ﬁ) /o. between -11.7 and -48.7 Since
reasonable levels of risk aversion estimated from other sources imply values of
~ much smaller in magnitude, say in the range of -1 to -5, the inequality (4.32)
appears not to hold for U.S. stock market data and standard specifications of
utility.®  In other words, consumption appears to be too smooth (o, is too
low) relative to the premium that investors demand for holding stocks. This
inconsistency between theory and empirical evidence was identified by Rajnish
Mehra and Edward Prescott (Mehra and Prescott 1985) and is referred to as
the equity premium puzzle. Attempts to explain this puzzle have involved using
different specifications of utility and questioning whether the ex-post sample
mean of U.S. stock returns is a good estimate of the a priori expected return on
U.S. stocks.”

Even if one were to accept a high degree of risk aversion in order to fit the
historical equity premium, additional problems may arise because this high risk
aversion could imply an unreasonable value for the risk-free return, By. Under

our maintained assumptions and using (4.10), the risk-free return satisfies

6See John Y. Campbell (Campbell 1999) and Stephen G. Cecchetti, Pok-Sam Lam, and
Nelson C. Mark (Cecchetti, Lam, and Mark 1994).

If the stock portfolio were less than efficient, so that a strict inequality held in (4.32), the
magnitude of the risk-aversion coefficient would need to be even higher.

8Rajnish Mehra and Edward Prescott (Mehra and Prescott 1985) survey empirical work,
finding values of v of -1 or more (equivalent to coefficients of relative risk aversion, 1 — =, of
2 or less).

9 Jeremy J. Siegel and Richard H. Thaler (Siegel and Thaler 1997) review this literature. Tt
should be noted that recent survey evidence from academic financial economists (Welch 2000)
finds that a consensus believes that the current equity risk premium is significantly lower
than the historical average. Moreover, at the begining of 2006, the Federal Reserve Bank
of Philadelphia’s Survey of Professional Forecasters found that the median predicted annual
returns over the next decade on the S&P 500 stock portfolio, the 10-year U.S. Treasury bond,
and the 3-month U.S. Treasury bill are 7.00%, 5.00%, and 4.25%, respectively. This implies a
much lower equity risk premium (7.00% - 4.25% = 2.75%) compared to the historical average
difference between stocks and bills of 8.3%.
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1

— = F 4.33
R [mo1] (4.33)

— §E [ew—l)ln(cl/co)}

- selrDuctz(v=1)%7

and therefore
1

In(Ry) = -In(@)+A=7)p— 501~ v o? (4.34)

If we set § = 0.99, reflecting a 1 percent rate of time preference, and p, = 0.018,
which is the historical average real growth of U.S. per capita consumption, then

a value of v = —11 and o, = 0.036 implies

1
In(Rp) = —In(0)+ 1= p —5(1-7) 0l
—  0.01+0.216 — 0.093 = 0.133 (4.35)

which is a real risk-free interest rate of 13.3 percent. Since short-term real
interest rates have averaged about 1 percent in the United States, we end up

with a risk-free rate puzzle.

The notion that assets can be priced using a stochastic discount factor, mg1,
is attractive because the discount factor is independent of the asset being priced:
it can be used to price any asset no matter what its risk. We derived this dis-
count factor from a consumption-portfolio choice problem and, in this context,
showed that it equaled the marginal rate of substitution between current and
end-of-period consumption. However, the usefulness of this approach is in doubt

since empirical evidence using aggregate consumption data and standard spec-
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ifications of utility appears inconsistent with the discount factor equaling the

10 Fortunately, a general pricing relationship of

marginal rate of substitution.
the form P; = Ej[mo1X;] can be shown to hold without assuming that mg;
represents a marginal rate of substitution. Rather, it can be derived using

alternative assumptions. This is the subject of the next section.

4.3 Market Completeness, Arbitrage, and State
Pricing

We need not assume a consumption-portfolio choice structure to derive a sto-
chastic discount factor pricing formula. Instead, our derivation can be based
on the assumptions of a complete market and the absence of arbitrage, an
approach pioneered by Kenneth Arrow and Gerard Debreu.!! With these al-
ternative assumptions, one can show that a law of one price holds and that a
unique stochastic discount factor exists. This new approach makes transparent
the derivation of relative pricing relationships and is an important technique for

valuing contingent claims (derivatives).

4.3.1 Complete Markets Assumptions

To illustrate, suppose once again that an individual can freely trade in n different
assets. Also, let us assume that there are a finite number of end-of-period
states of nature, with state s having probability m,.'> Let X,; be the cashflow
generated by one share (unit) of asset 4 in state s. Also assume that there are

k states of nature and n assets. The following vector describes the payoffs to

10 As will be shown in Chapter 14, some specifications of time-inseparable utility can improve
the consumption-based stochastic discount factor’s ability to explain asset prices.

1See Kenneth Arrow (Arrow 1953) reprinted in (Arrow 1964) and Gerard Debreu (Debreu
1959).

12 As is discussed later, this analysis can be extended to the case of an infinite number of
states.
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financial asset i:
Xii

X;=| (4.36)

X

Thus, the per-share cashflows of the universe of all assets can be represented by

the £ X n matrix
X1 o X

X=| : . (4.37)
Xp1r o X

We will assume that n = k and that X is of full rank. This implies that the
n assets span the k states of nature, an assumption that indicates a complete
market. We would still have a complete market (and, as we will show, unique
state-contingent prices) if n > k, as long as the payoff matrix X has rank k. If
the number of assets exceeds the number of states, some assets are redundant;
that is, their cashflows in the k states are linear combinations of others. In such
a situation, we could reduce the number of assets to k by combining them into

k linearly independent (portfolios of) assets.

An implication of the assumption that the assets’ returns span the k states
of nature is that an individual can purchase amounts of the k assets so that
she can obtain target levels of end-of-period wealth in each of the states. To
show this complete markets result, let W denote an arbitrary k x 1 vector of

end-of-period levels of wealth:

Wy
w=| : (4.38)

Wi

where Wy is the level of wealth in state s. To obtain W, at the initial date
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the individual needs to purchase shares in the k assets. Let the vector N =
[Ny ... Ng]) be the number of shares purchased of each of the k assets. Hence,
N must satisfy

XN=W (4.39)

Because X is a nonsingular matrix of rank k, its inverse exists so that

N=X"'Ww (4.40)

Hence, because the assets’ payoffs span the k states, arbitrary levels of wealth in
the k states can be attained if initial wealth is sufficient to purchase the required
shares, N. Denoting P = [Py ... P;]’ as the k x 1 vector of beginning-of-period,
per-share prices of the k assets, then the amount of initial wealth required to

produce the target level of wealth given in (4.38) is simply P'N.

4.3.2 Arbitrage and State Prices

Given our assumption of complete markets, the absence of arbitrage opportuni-
ties implies that the price of a new, redundant security or contingent claim can
be valued based on the prices of the original k securities. For example, suppose
a new asset pays a vector of end-of-period cashflows of W. In the absence of
arbitrage, its price must be P’ N. If its price exceeded P’ N, an arbitrage would
be to sell this new asset and purchase the original k£ securities in amounts N.
Since the end-of-period liability from selling the security is exactly offset by the
returns received from the k original securities, the arbitrage profit equals the
difference between the new asset’s price and P'N. Conversely, if the new asset’s
price were less than P'N, an arbitrage would be to purchase the new asset and

sell the portfolio NV of the k original securities.

Let’s apply this concept of complete markets, no-arbitrage pricing to the
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special case of a security that has a payoff of 1 in state s and 0 in all other
states. Such a security is referred to as a primitive, elementary, or Arrow-Debreu

security. Specifically, elementary security “s” has the vector of cashflows

C w1 To
Ws_1 0
es = W, =11 (4.41)
Wit 0
- Wk - L O -

Let ps be the beginning-of-period price of elementary security s, that is, the
price of receiving 1 in state s. Then as we just showed, its price in terms of the

payoffs and prices of the original k£ assets must equal

ps=PX e, s=1,...k (4.42)

so that a unique set of state prices exists in a complete market.!> Furthermore,
we would expect that these elementary state prices should each be positive,
since a unit amount of wealth received in any state will have a value greater
than zero whenever individuals are assumed to be nonsatiated.'* Hence the
equations in (4.42) along with the conditions ps > 0 Vs restrict the payoffs, X,

and the prices, P, of the original k securities.

We can now derive a stochastic discount factor formula by considering the

13Tf markets were incomplete, for example, if n were the rank of X and k > n, then state
prices would not be uniquely determined by the absence of arbitrage. The no-arbitrage
conditions would place only n linear restrictions on the set of k prices, implying that there
could be an infinity of possible state prices.

14 This would be the case whenever individuals’ marginal utilities are positive for all levels
of end-of-period consumption.
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value of any other security or contingent claim in terms of these elementary state
security prices. Note that the portfolio composed of the sum of all elementary
securities gives a cashflow of 1 unit with certainty. The price of this portfolio

defines the risk-free return, Ry, by the relation
> pe= =S (4.43)
Ry

In general, let there be some multicashflow asset, a, whose cashflow paid in

state s is X4,. In the absence of arbitrage, its price, P,, must equal

k
P.=> psXaa (4.44)
s=1

Note that the relative pricing relationships that we have derived did not require
using information on the state probabilities. However, let us now introduce
these probabilities to see their relationship to state prices and the stochastic
discount factor. Define mgs = ps/ms to be the price of elementary security
s divided by the probability that state s occurs. Note that if, as was argued
earlier, a sensible equilibrium requires p;, > 0 Vs, then ms > 0 Vs when there is a
positive probability of each state occurring. Using this new definition, equation

(4.44) can be written as

S

k
Ps
P, = Zws;Xsa (4.45)
s=1

k
= E TsMs Xsa
s=1

= E[mX,]

- .k
where m denotes a stochastic discount factor whose expected valueis ) ., msms 7I
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and X, is the random cashflow of the multicashflow asset a. Equation (4.45)
shows that the stochastic discount factor equals the prices of the elementary se-
curities normalized by their state probabilities. Hence, we have shown that in
a complete market that lacks arbitrage opportunities, a unique, positive-valued
stochastic discount factor exists. When markets are incomplete, the absence of
arbitrage, alone, cannot determine the stochastic discount factor. One would
need to impose additional conditions, such as the previous section’s assumptions
on the form of individuals’ utility, in order to determine the stochastic discount
factor. For example, if different states of nature led to different realizations of
an individual’s nontraded labor income, and there did not exist assets that could
span or insure against this wage income, then a unique stochastic discount factor
may not exist. In this case of market incompleteness, a utility-based derivation
of the stochastic discount factor may be required for asset pricing.

While the stochastic discount factor relationship of equation (4.45) is based
on state prices derived from assumptions of market completeness and the ab-
sence of arbitrage, it is interesting to interpret these state prices in terms of
the previously derived consumption-based discount factor. Note that since
ps = Wsmyg, the price of the elementary security paying 1 in state s is higher
the greater the likelihood of the state s occurring and the greater the stochas-
tic discount factor for state s. In terms of the consumption-based model,
ms = 6U' (C15) /U (Cy) where Cis is the level of consumption at date 1 in
state s. Hence, the state s price, ps, is greater when C; is low; that is, state s

is a low consumption state, such as an economic recession.

4.3.3 Risk-Neutral Probabilities

The state pricing relationship of equation (4.44) can be used to develop an

important alternative formula for pricing assets. Define 75 = p; R as the price



130 CHAPTER 4. CONSUMPTION-SAVINGS AND STATE PRICING

of elementary security s times the risk-free return. Then

k
Po = > piXa (4.46)
s=1
1 k
= 5 pst Xsa
Ry ;
1 k
= 5 %s Xsa
2

Now these 7,, s = 1,...,k, have the characteristics of probabilities because
they are positive, 7, = ps/zljzlps > 0, and they sum to 1, 25:1 Ts =
Ry Zle ps = Ry/Ry = 1. Using this insight, we can rewrite equation (4.46)

as

= —E[X,] (4.47)

where E [-] denotes the expectation operator evaluated using the "pseudo" prob-

abilities 7 rather than the true probabilities 75. Since the expectation in (4.47)
is discounted by the risk-free return, we can recognize E [X,] as the certainty
equivalent expectation of the cashflow X,. In comparison to the stochastic dis-
count factor approach, the formula works by modifying the probabilities of the
cashflows in each of the different states, rather than discounting the cashflows
by a different discount factor. To see this, note that since my, = ps/7s and

Ry =1/E[m], Ts can be written as
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T = Rpmsms

= mﬂ's (4.48)

so that the pseudo probability transforms the true probability by multiplying
by the ratio of the stochastic discount factor to its average value. In states
of the world where the stochastic discount factor is greater than its average
value, the pseudo probability exceeds the true probability. For example, if
ms = 06U’ (Crs) /U (Cp), Ts exceeds 75 in states of the world with relatively
low consumption where marginal utility is high.

As a special case, suppose that in each state of nature, the stochastic discount
factor equaled the risk-free discount factor; that is, m, = Rif = FE'[m]. This
circumstance implies that the pseudo probability equals the true probability
and P, = E[mX,] = E[X,]/Ry. Because the price equals the expected payoff
discounted at the risk-free rate, the asset is priced as if investors are risk-neutral.
Hence, this explains why 7, is referred to as the risk-neutral probability and E []
is referred to as the risk-neutral expectations operator. In comparison, the true
probabilities, m, are frequently called the physical, or statistical, probabilities.

If the stochastic discount factor is interpreted as the marginal rate of substi-
tution, then we see that 7 is higher than 7 in states where the marginal utility
of consumption is high (or the level of consumption is low). Thus, relative to
the physical probabilities, the risk-neutral probabilities place extra probability

weight on “bad” states and less probability weight on “good” states.

4.3.4 State Pricing Extensions

The complete markets pricing framework that we have just outlined is also

known as State Preference Theory and can be generalized to an infinite number
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of states and elementary securities. Basically, this is done by defining probability
densities of states and replacing the summations in expressions like (4.43) and
(4.44) with integrals. For example, let states be indexed by all possible points
on the real line between 0 and 1; that is, the state s € (0,1). Also let p(s)
be the price (density) of a primitive security that pays 1 unit in state s, 0
otherwise. Further, define X,(s) as the cashflow paid by security a in state s.

Then, analogous to (4.43), we can write

/0 p(s)ds = 1 (4.49)

and instead of (4.44), we can write the price of security a as
1
P, = / p(s) Xo(s)ds (4.50)
0

In some cases, namely, where markets are intertemporally complete, State
Preference Theory can be extended to allow assets’ cashflows to occur at dif-
ferent dates in the future. This generalization is sometimes referred to as Time
State Preference Theory.'® To illustrate, suppose that assets can pay cashflows
at both date 1 and date 2 in the future. Let s; be a state at date 1 and let sq
be a state at date 2. States at date 2 can depend on which states were reached

at date 1.

For example, suppose there are two events at each date, economic recession
(r) or economic expansion (boom) (b). Then we could define s; € {rq, b1} and
sg € {rirg, r1ba, bire, biba}. By assigning suitable probabilities and primitive
security state prices for assets that pay cashflows of 1 unit in each of these six
states, we can sum (or integrate) over both time and states at a given date to

obtain prices of complex securities. Thus, when primitive security prices exist at

15See Steward C. Myers (Myers 1968).
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all states for all future dates, essentially we are back to a single-period complete

markets framework, and the analysis is the same as that derived previously.

4.4 Summary

This chapter began by extending an individual’s portfolio choice problem to
include an initial consumption-savings decision. With this modification, we
showed that an optimal portfolio is one where assets’ expected marginal utility-
weighted returns are equalized. Also, the individual’s optimal level of savings
involves an intertemporal trade-off where the marginal utility of current con-
sumption is equated to the expected marginal utility of future consumption.

The individual’s optimal decision rules can be reinterpreted as an asset pric-
ing formula. This formula values assets’ returns using a stochastic discount
factor equal to the marginal rate of substitution between present and future
consumption. Importantly, the stochastic discount factor is independent of the
asset being priced and determines the asset’s risk premium based on the covari-
ance of the asset’s return with the marginal utility of consumption. Moreover,
this consumption-based stochastic discount factor approach places restrictions
on assets’ risk premia relative to the volatility of consumption. However, these
restrictions appear to be violated when empirical evidence is interpreted using
standard utility specifications.

This contrary empirical evidence does not automatically invalidate the sto-
chastic discount factor approach to pricing assets. Rather than deriving dis-
count factors as the marginal rate of substituting present for future consump-
tion, we showed that they can be derived based on the alternative assumptions
of market completeness and an absence of arbitrage. ~When assets’ returns
spanned the economy’s states of nature, state prices for valuing any derivative

asset could be derived. Finally, we showed how an alternative risk-neutral pric-
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ing formula could be derived by transforming the states’ physical probabilities
to reflect an adjustment for risk. Risk-neutral pricing is an important valuation
tool in many areas of asset pricing, and it will be applied frequently in future

chapters.

4.5 Exercises

1. Consider the one-period model of consumption and portfolio choice. Sup-
pose that individuals can invest in a one-period bond that pays a riskless
real return of R, and in a one-period bond that pays a riskless nominal
return of R, s. Derive an expression for R, in terms of R, ¢, E [Io1], and

COU (MOLIOl)-

2. Assume there is an economy with & states of nature and where the follow-

ing asset pricing formula holds:

k
Pa = § 71-s'rns)(sa
s=1

E[mX,]

Let an individual in this economy have the utility function In(Cp) +
E[61n(C})], and let C§ be her equilibrium consumption at date 0 and C*
be her equilibrium consumption at date 1 in state s, s = 1,..., k. Denote
the date O price of elementary security s as ps, and derive an expression

for it in terms of the individual’s equilibrium consumption.

3. Consider the one-period consumption-portfolio choice problem. The indi-

vidual’s first-order conditions lead to the general relationship

1=F [mOle]
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where mg; is the stochastic discount factor between dates 0 and 1, and R,
is the one-period stochastic return on any security in which the individual
can invest. Let there be a finite number of date 1 states where 7, is the
probability of state s. Also assume markets are complete and consider the
above relationship for primitive security s; that is, let Rs be the rate of
return on primitive (or elementary) security s. The individual’s elasticity

of intertemporal substitution is defined as

I Rs d(cs/CO)
C,/Cy  dR,

™
Il

where Cj is the individual’s consumption at date 0 and Cy is the individ-
ual’s consumption at date 1 in state s. If the individual’s expected utility
is given by

U (Co) +0E [U (61)}

where utility displays constant relative risk aversion, U (C) = C7 /~, solve

for the elasticity of intertemporal substitution, .

. Consider an economy with k = 2 states of nature, a "good" state and a

"bad" state.!'® There are two assets, a risk-free asset with Ry = 1.05 and

a second risky asset that pays cashflows

10
Xy =
)

The current price of the risky asset is 6.

a. Solve for the prices of the elementary securities p; and p, and the risk-

neutral probabilities of the two states.

16T thank Michael Cliff of Virginia Tech for suggesting this example.
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b. Suppose that the physical probabilities of the two states are m; = w9 = 0.5.

What is the stochastic discount factor for the two states?

Consider a one-period economy with two end-of-period states. An option
contract pays 3 in state 1 and 0 in state 2 and has a current price of 1.
A forward contract pays 3 in state 1 and -2 in state 2. What are the
one-period risk-free return and the risk-neutral probabilities of the two

states?

This question asks you to relate the stochastic discount factor pricing

relationship to the CAPM. The CAPM can be expressed as

E [Ri] = Rf + By

where E [-] is the expectation operator, R; is the realized return on asset
i, Ry is the risk-free return, 3, is asset i’s beta, and + is a positive market

risk premium. Now, consider a stochastic discount factor of the form

m=a+bR,,

where a and b are constants and R, is the realized return on the market
portfolio. Also, denote the variance of the return on the market portfolio

2
as oy,.

Derive an expression for v as a function of a, b, E'[R,,], and o2,. (Hint:

you may want to start from the equilibrium expression 0 = E [m (R; — Ry)].)l}

Note that the equation 1 = F [mR;] holds for all assets. Consider the
case of the risk-free asset and the case of the market portfolio, and solve

for a and b as a function of Ry, E [R,,], and o2,.

c. Using the formula for @ and b in part (b), show that v = E [R,,] — Ry.
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7. Consider a two-factor economy with multiple risky assets and a risk-free
asset whose return is denoted Ry. The economy’s first factor is the return
on the market portfolio, R,,, and the second factor is the return on a zero-
net-investment portfolio, R,. In other words, one can interpret the second
factor as the return on a portfolio that is long one asset and short another
asset, where the long and short positions are equal in magnitude (e.g.,
R, = R,— Ry) and where R, and Ry, are the returns on the assets that are
long and short, respectively. It is assumed that Cov (R,,, R,) = 0. The

expected returns on all assets in the economy satisfy the APT relationship

E [Rl} = /\O + /Bi'm)‘m + Biz)‘z (*)

where R; is the return on an arbitrary asset i, 3,,, = Cov (R;, Ry) /02,
B;, = Cov (Ri, R,) /o2, and \,,, and X, are the risk premiums for factors

1 and 2, respectively.

Now suppose you are given the stochastic discount factor for this econ-
omy, m, measured over the same time period as the above asset returns.
It is given by

m = a+ bR, + cR, (*%)

where a, b, and ¢ are known constants. Given knowledge of this stochastic
discount factor in equation (**), show how you can solve for Ao, A, and
A in equation (*) in terms of a, b, ¢, oy, and o,. Just write down the
conditions that would allow you to solve for the A\g, A,, and A,. You need
not derive explicit solutions for the A’s since the conditions are nonlinear

and may be tedious to manipulate.
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